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Chapter 1

INTRODUCTION

Medical imaging has provided physicians with new tools to diagnose or plan treatment on

patients with non-invasive or almost non-invasive techniques. Nowadays the imaging tech-

niques in use in medicine are capable of producing two-dimensional or three-dimensional

images from the human body. These devices measure the interaction of organs and tissues

with some type of energy, e.g., Computerized Tomography uses X-rays, Positron Emis-

sion Tomography uses positrons. The measurements are treated as line integrals, of some

spatially-varying physical parameter which is related to the local interactions of the tissue

with the energy, through the body from the source to the detector. The distribution of the

spatially-varying physical parameter is recovered from these measurements. Medicine and

biology also rely on other imaging techniques to visualize microorganisms, pathogens and

some organelles. Technology has even provided tools for the dissection of objects at the

micro-scale.

At the micro-scale and the body-scale humankind has acquired sufficient knowledge

1
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to recognize structures and shapes so that it is possible to distinguish between a “normal”

structure and an “irregular” one. Thus, it is possible to distinguish between a healthy bone

and osteoporotic bone, or between astaphylococcusand avibro choleraebacterium from

acquired images.

There are several mechanisms by which cells interact with each other, microorgan-

isms and pathogens attack cells, cells protect the body, or organelles produce substances.

Microorganisms, pathogens, organelles and the substances they produce are made of mol-

ecules that cannot be observed with optical devices. Therefore, it has been necessary to

invent other instruments to obtain information on objects at a such small scale, in partic-

ular on macromolecules. However, many of the instruments capable of yielding images

of nano-scale objects produce only two-dimensional images. For reasons that are exposed

later in this dissertation, it is important to obtain the three-dimensional structure of objects

at the nano-scale and consequently it is necessary to apply image processing techniques to

the two-dimensional images to produce three-dimensional representations. Whereas at the

body-scale and micro-scale it is possible to compare the images with the objects imaged,

at the nano-scale it is impossible with the current technology to make such a comparison,

see Fig.1.1.

Images produced by a device are usually post-processed. There are two main reasons

for the further processing of the images, the first being that imaging devices are not perfect

and they introduce noise into the images. Another reason for processing is to compen-
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Fig.1.1: Relative size of several objects from the cosmic-scale to the nano-scale together
with the instruments used to observe them (image courtesy of the INVSEE project at Ari-
zona State University, Dr. B. L. Ramakrishna, Project Director, INVSEE).

sate for artifacts in computer-produced three-dimensional images. Finally, the user of the

images may want to obtain higher level knowledge from the images, such as extracting

meaningful portions of the objects or visualizing the objects.
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In Chapter2 we present a summary of the importance of studying macromolecules

and proteins, and the methods and techniques used to obtain three-dimensional density

functions, together with some of their limitations. In Chapter3 we propose a method to

improve the visualization of the computer representation of macromolecules and in Chap-

ter 4 we propose methods to produce computer representations of the three-dimensional

density functions by improving the raycasting method introduced in Chapter3 and by an

approximation, by polygons, to the surface of the density function. Finally, in Chapter5

we propose to take advantage of the repetition of subunits that form some macromolecular

complexes to improve the accuracy of their representation.



Chapter 2

BACKGROUND

Biological macromolecules are the main structural components from which living mat-

ter is built. This group of molecules consists of four broad subclasses:proteins, nucleic

acids, polysaccharides, andlipids. All of these macromolecules exhibit a complex struc-

ture that in high degree determines their interaction with themselves or with others. In

particular, proteins combine with lipids, nucleic acids, or polysaccharides to form essential

compounds for most living matter. Proteins are different from the other three macromole-

cules in that they perform multiple functions such as transporters, storage elements, enzy-

matic catalyzers, structural elements, immunity elements, hormonal or genetic regulators.

Proteins are capable of such a wide range of functions due to the uniqueness of their three-

dimensional structure (conformation) and to their chemical properties [63, 68, 111, 124].

In fact, the appropriate operation of proteins depends fully on their specific conformations.

Hence, the interest in knowing the structure of a protein is ultimately linked to the need of

knowing its function.
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2.1 Macromolecules: An Overview

Proteins can be analyzed at four hierarchical levels of complexity [63, 68, 111, 124]. Pro-

teins are polymers composed of a sequence of any of 20 amino acids [63, 124]. Such a

sequence, or chain, folds in itself in a very specific fashion to give the protein its confor-

mation. The specific amino acid sequence forming the polypeptide chain is referred to as

the primary structureof the protein. It is believed that the conformation of a protein is

determined by its primary structure. Thesecondary structurerefers to the spatial relation

of neighboring amino acids that produce four types of local conformations:α-helices,β-

strands,β-turns and random coils. Thetertiary structuredescribes the spatial relation of

more distant amino acids and hence describes the full three-dimensional (3D) structure of

a single polypeptide chain. This conformation is the result of associations between seg-

ments of secondary structures. Sometimes proteins, called oligomeric, possess more than

one polypeptide chain. Thequaternary structuredescribes the spatial relationship between

individual polypeptide chains in an oligomer, see Fig.2.1.

The size of a single-chain protein can vary from 350 daltons (one dalton, denoted Da,

corresponds to one atomic mass unit and is equivalent to1.66053873×10−24 g) to 1000

kDa, but the typical size of this type of protein is 10-50 kDa (because amino acids have

molecular weights of the same order of magnitude, it is possible to determine the size of

a protein by its molecular weight). In the case of oligomeric proteins it is frequent to find

oligomers greater than 200 kDa.
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(a) (b)

(c) (d)

Fig.2.1:Schematic representation of protein structure: (a) Linear sequence of amino acids
forms the primary structure, here forming the porin protein. (b) Local interactions among
chains of amino acids form the secondary structure. It is common practice to representβ-
pleated sheets as ribbon arrows,α-helices as helical ribbons and random coils as thin lines.
(c) The 3D structure formed by the combination of secondary structures forms the tertiary
structure, a good example of a single-chain protein is the protein G. (d) The combination
of several polypeptide chains results in the quaternary structure. A clear example is the
protein GroEL formed by seven polypeptide chains [124].

While the complex functions a protein should perform determine the synthesis of large-

sized proteins, the synthesis of long polypeptide chains is prone to errors (e.g., about one

in seven proteins with 3000 amino acids will not be translated in full in a prokaryotic cell

[38]). Nature, however, determines the characteristics of a protein based on functional
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requirements. In other words, whenever a function is required nature creates a protein,

or a protein complex, to accomplish such a task. Thus, large proteins exist because they

possess specific morphological and cooperative functions. It is important to notice that

whenever a large protein is needed, nature favors its construction from several small chains

(heterooligomers) or from identical chains (homooligomers). Constructing large proteins

from small chains offers advantages in error control, coding efficiency, and regulation of

assembly [38].

Interestingly, nature has favored the construction of highly symmetrical oligomeric pro-

teins. Again, symmetry is a characteristic determined by the functional role of these pro-

teins (e.g., the construction of structural elements such as containers, filaments or rulers,

or the mechanism whereby the function of a protein is inhibited or stimulated by a mole-

cule that binds to a specific site and causes a conformational change in the protein, called

allosteric regulation). The symmetries found in proteins fall into the following categories:

a. Cyclic groups. Those which contain a single axis of rotational symmetry.

b. Dihedral groups. Those which contain an axis of rotational symmetry and a perpendic-

ular axis of two-fold symmetry.

c. Cubic groups. Those which contain three-fold symmetry combined with another, non-

perpendicular rotational axis, with three possibilities: tetrahedral, octahedral, and icosa-

hedral.
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d. Line, plane and space groups. Those which contain translational symmetry in addition

to rotational symmetries.

In spite of the tendency of nature to create symmetrical oligomeric proteins, symmetry

is broken or limited in many circumstances due to functional needs such as interaction with

membranes or with DNA, or directional motion. However, nature attempts to preserve sym-

metrical arrangements by using either quasisymmetry (in which identical subunits adopt

similar but different positions), pleomorphic symmetry (in which identical subunits are

used to build several different structures), pseudosymmetry (in which similar but different

subunits perform identical roles), or symmetry mismatch (in which oligomers of different

symmetries interact along their respective symmetry axes).

2.2 Structure Analysis of Macromolecules by Transmission Electron Microscopy

Currently there are several techniques in biology to obtain the sequence of amino acids

forming a polypeptide chain [63, 124]. Although it is recognized that the conformation

of a protein is determined by its sequence of amino acids, it is still impossible to know

accurately the form an amino acid sequence will take when it folds. Therefore, it has

been necessary to develop techniques to obtain information regarding the higher structures

of a macromolecule. In this respect, the development of X-ray diffraction brought the

first attempts to determine the structure of biological molecules. However, it has been

the invention of the electron microscope which made possible direct imaging of biological
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structures at a macromolecular level, and more recently at atomic resolution, although the

latter only under very specific circumstances [31, 67].

Traditionally, there have been three technologies used to obtain information about the

structure of a macromolecule: X-ray crystallography, nuclear magnetic resonance (NMR)

spectroscopy and electron microscopy (EM), the latter being a technique that complements

X-ray crystallography and NMR spectroscopy [24].

X-ray crystallography was the first method applied to analyze protein structure [64, 96].

X-ray crystallography takes advantage of the diffraction of X-rays caused by crystals. A

crystallized sample is irradiated by X-rays producing a pattern of spots whose intensity

and position are easily determined. An important limitation of X-ray crystallography is the

lack of phase information, such information must be obtained either from the diffraction

data or from supplementing techniques [24, 101]. A 3D map of the electron cloud of the

molecule (electron density map) is produced by combining both the amplitude and phase

information. The exact position of every non-hydrogen atom in the molecule is obtained by

fitting the sequence of amino acids forming the macromolecule, information that has to be

obtained independently, to the electron density map [101]. Another important limitation is

the need to crystallize the samples and to produce singular crystals (not forming stacks) and

of high quality, a task that is difficult and frequently impossible to achieve. Nevertheless,

this technique continues to be the predominant tool for structure analysis of proteins. In the

past X-ray crystallography was restricted to small oligomers, but now it is also employed
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in the analysis of large proteins.

NMR is an important method for structural analysis of proteins in solution. NMR spec-

troscopy measures the spectra produced by the resonance of protons in a molecule. In order

to determine the structure of a macromolecule by NMR spectroscopy, resonances must be

assigned to specific amino acids in the primary structure of a macromolecule. This pro-

duces a two-dimensional spectrum whose peaks are correlated with the atomic groups of

the macromolecule. The method does not generate a unique solution based on the given

constraints; however, some configurations can be discarded by physical or chemical lim-

itations. As a final result, NMR provides the structure of a protein under study (NMR

provides a detailed structural and conformational information regarding the protein). Gen-

erally, NMR is limited to macromolecules of low molecular weight,≈30 kDa [19], mainly

due to the complexity of the spectrum generated by large proteins.

Nowadays new technologies with quasi atomic resolution, such as atomic force mi-

croscopy (AFM) or scanning tunnel microscopy (STM), provide scientists with a greater

set of tools for the analysis of protein structure. Yet, the transmission electron microscope

(TEM) offers several advantages compared to the techniques mentioned before: it provides

information on the phase and amplitude of the Fourier transform, it does not require crys-

tallized specimens and it does not require large amounts of proteins for their analysis [24].

Furthermore, the TEM can be used for a wide range of resolutions, from low resolution, in

the thousands of angstroms, to atomic resolution,∼ 2 angstroms, [47, 67, 88] (an angstrom
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is denoted byÅ and is equivalent to10−10 meters). Hence TEM is an important comple-

mentary instrument to the high resolution techniques. It is worth mentioning that recently

there have been efforts to combine information from the different technologies mentioned

above [6].

2.3 The Transmission Electron Microscope

It is possible to think of a TEM as a large light microscope turned upside down that uses

an electron beam instead of a photon beam. In a TEM the specimens are irradiated with

an electron beam of uniform current (the electron energy is in the range 60-150 keV, or

200 keV - 3 MeV in the case of high voltage electron microscope [100]), such a beam is

produced by theelectron gunlocated in the top region of the microscope, at about two

meters high, see Fig.2.2.

A condenser lens system permits the variation of the area of illumination and, together

with the electron gun, produces a beam of almost parallel electron rays. The electrons con-

tinue in their paths until they hit the specimen and interact with it (we explain below the

interaction of the specimen with the electron radiation), but most of the electrons continue

in their paths passing through a three- or four-stage electromagnetic lens system that focus

the electron beam on a fluorescent screen at the bottom of the microscope. Such a screen

produces an optical signal, the final image ormicrograph, that is captured by either a pho-

tographic film or, more recently, a cooled charge-coupled device (CCD) camera (in modern
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microscopes with resolution of2048×2048pixels).

The specimen is mounted on a circular support with typically 3 mm of diameter. The

specimen must be held very stationary, since any drift or vibration of the specimen will

appear in the final image. In spite of the need to keep a stable support, it is necessary

to have access to all the area of the support and to introduce the specimen into the TEM

without altering the vacuum inside the microscope. Furthermore, specimen tilting is needed

in order to collect images at different orientations. The device that allows these operations

is called thespecimen stage, and together with theairlock (a small chamber into which the

specimen initially enters and which can be evacuated before the specimen enters the TEM)

are the most mechanically complex and precision-demanding parts of a TEM. Typically,

the specimen stage consists of a rod-like holder, supporting the specimen at the end of it,

(a) (b)

Fig.2.2: (a) Actual configuration of aJEOLc© 2010 F TEM. (b) Schematic operation of a
TEM.
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that is inserted horizontally through the airlock.

Theoretically the resolution of a TEM is determined by the wavelength of the electrons

in the beam. For a typical energy of 100 keV the wavelength of an electron is 0.004 nm

which would result in a resolution of 0.002 nm. However, the lens aberrations are so great,

and difficult to correct, that it is necessary to use very small objective apertures to achieve

resolutions of 0.1-0.5 nm (1-5̊A).

2.3.1 Specimen Preparation

The electrons in the beam interact with any object along its path, which includes air parti-

cles. Consequently, the interior of the microscope has to be kept in vacuum, at least10−5

torr (1 torr≈ 133.322368421N
m2 ) [77]. An undesirable side effect of preserving vacuum

inside the microscope is the need to extract the water from the biological specimens. Un-

fortunately the extraction of water from a biological specimen leads to the destruction of

the three-dimensional structure of the specimen.

Moreover, the biological specimens are extremely sensitive to electron radiation. The

radiation from the electron beam causes the formation of free radicals and ions in the spec-

imen. Damage to the secondary structure occurs at an electron dose of less than 1 electron

per square angstrom
(

e/Å
2
)

, and further exposure causes the reorganization of the tertiary

structure involving the loss of specific groups and alteration of structural composition. In

the end, the specimen loses between 10% and 30% of its mass during one exposure of 10-



15

100e/Å
2

[77, 100]. Several techniques have been developed to prevent excessive damage

to the specimens and to compensate for the extraction of water from the specimen. Among

these techniques, we mention two that have been successful in preserving the specimens

during exposure:negative stainingandcryomicroscopy.

Negative staining is the most successful technique for medium resolution. In this tech-

nique the specimen is coated with a thin layer of heavy metal salt. The heavy metal salt

covers the specimen forming a cast of the protein’s exposed surface. This technique helps

to preserve the surface shape, but unfortunately it also prevents the information from the

specimen’s interior from appearing in the final image. The preparation of specimens by

this technique is relatively fast and easy, but it limits the resolution to the size of the salt

grains in use. Even though the technique avoids to a certain extent the effect of shrinkage

and deformation due to the electron-specimen interaction, it is impossible to completely

avoid these side effects and the specimen suffers deformations and dehydration that appear

as artifacts in the final image.

Cryomicroscopy is an important development that overcomes the limitations of negative

staining [26, 27]. In this technique the specimen in solution is rapidly frozen to achieve an

amorphous state (most of the current cryomicroscopy work is based on vitreous ice [123])

and, therefore, to prevent the water from forming crystals and disrupting the specimen

structure. It is in this frozen state that the specimen is introduced into the TEM. While the

technique maintains the hydrated state of the specimen and, more importantly, preserves
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the internal characteristics and structure of the specimen; the images produced with it have

lower contrast than those produced with negative staining due to the small difference in

density between water and protein. Finally, there are important issues that limit the use of

this technique such as the need for specialized equipment, the higher level of complexity

of the technique as compared to negative staining, the high degree of precision required in

the preparation of specimens, and the need for technicians with refined skills.

The technical limitations of the TEM together with restrictions imposed by the prepa-

ration of the specimens, the radiation damage to the specimens, and the reduced contrast

result in a practical resolution in the images of around 10Å [31, 77].

2.3.2 Image Formation in the TEM

When the beam arrives at the sample stage most of the electrons have traversed the sample

without interacting with it at all (unscattered electrons). The electrons interacting with the

specimen, and responsible for the image formation, suffer basically two types of scatter-

ing: elastic, the most frequent, andinelastic. In the elastic scattering the electrons do not

lose their energy and only suffer a change in phase by the Coulomb force at the nuclei of

the specimen atoms. This type of interaction producesphase contrastinformation. The

amplitude contrastis produced by the loss of energy of those electrons in the beam which

interact inelastically with those in the specimen [100]. An important side effect of inelastic

scattering is that it deteriorates the image in the low frequencies (a fact that is normally
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tolerated), which prevents a quantitative interpretation of the images [109, 110].

The model of a phase contrast image considers the thickness of the specimen prepara-

tion to be a stack of several layers of material. Thus, the incident electrons pass through

the layers suffering elastic and inelastic interactions in every layer. The accumulated effect

of electrons interacting with the layers of preparation can be considered a parallel-beam

projection of the specimen only when thin samples and high-energy electrons are utilized

(this results in the inelastic scattered electrons preserving their trajectory) [31, 77]. As a

consequence, in order to produce high resolution images it is necessary to use high-energy

electrons together with thin specimens, thus producing mainly phase contrast information.

A simple model for the formation of an image using a TEM is that the recorded image

in the camera chamber is approximately the result of the ideal projection (line integrals) of

the specimen convolved with the point spread function (psf) of the microscope. We can

express this process by

y' h∗ (Pυ+ηp)+ηl , (2.1)

wherey represents the measured image,Pυ represents the ideal projection image of the

density functionυ, andh represents thepsf of the microscope. The final image is contam-

inated with noise at the specimen stage, represented byηp, and at the lens-system stage,

represented byηl [8, 53, 125]. In electron microscopy it is common to refer to the Fourier

transform ofh as thecontrast transfer functionor CTF. An important characteristic of the
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(a) (b)

Fig.2.3: (a) A series of TEM images (from [8]) obtained for the study of the protein com-
plex DnaB·DnaC which is shown in (b). The images demonstrate the low signal-to-noise
ratio present in a micrograph.

psf is that its central peak is negative, which results in the zeroth-order approximation of

the projectionPυ becoming the negative of they in .(2.1). (Mathematical concepts used in

this paragraph, such as convolution and Fourier transform, are discussed in the next section

on Mathematical Background).

The damage caused to the specimen by electron radiation is one of the most important

problems in electron microscopy when high resolution is desired. A common solution is

the use of low doses of electron radiation: a dose of 0.5-4e/Å
2

is appropriate for very high

resolution studies of unstained crystalline specimens [3] and a dose of 10-20e/Å
2

is typi-

cal for stained or non-crystalline specimens. The use of low radiation doses translates into

a low signal-to-noise ratio (SNR) in the images, see Fig.2.3. In order to minimize damage

to the specimen while focusing the microscope, the so-called minimum dose system (MDS)

has been developed based on the assumption that neighboring areas of the preparation have

similar number of macromolecules with the desired properties. Consequently, low magni-

fication (i.e., low radiation dose) is utilized when searching for a region of the preparation

containing a “good” distribution of macromolecules. Once this area of the preparation has
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been located, the final image is acquired by focusing in a contiguous region at the desired

magnification.

A common approach to overcome the poor SNR is to align and then average the indi-

vidual images of individual non-crystallized macromolecular assemblies (single particles)

in an image; thus, taking advantage of the high similarities between macromolecules with

the same primary structure (they are identical copies that have congruence) and the fact that

a preparation is largely made of a single type of specimen (purified protein). Clearly, the

heterogeneities among members of the population almost vanish by the typical averaging

of thousands of particles. However, there are many factors that affect the alignment pro-

cess such as the shrinkage and deformation of the specimen, the presence of impurities or

heterogeneities in the preparation, and the wide range of orientations a single particle can

have on the support.

2.4 Mathematical Background

We make an important diversion in order to introduce some mathematical concepts that

will be required later on in this dissertation. For this, we follow the notation and theorems

in [55] and [87]. We make use of the set of real numbers, denoted byR, as the information

provided by an imaging device is typically composed of real numbers. We also make use

of the set of integers, denoted byZ, as we work with discretized objects. Finally, we make

use of the set of complex numbers, denoted byC, to represent measurements of magnitude
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and phase.

All through this dissertation we will use spaces of several dimensions; for example,

we work with density functions in three dimensions and images in two dimensions. We

represent a point in the continuousn-space, wheren is the dimension of the space, by a

vectorx, which isn-tuple(x1,x2, . . . ,xn) whose components belong toR; the set of all such

vectors forms the spaceRn. We also represent points in the discreten-space by a vector

z whose components belong toZ; similarly, the set of all such vectors forms the space

Zn. We define the inner product between vectorsx andy in Rn as〈x,y〉=
n
∑
j=1

x jy j and the

magnitude of a vectorx as |x| =
√
〈x,x〉. We also represent pointsx ∈ R3 by spherical

coordinates(r,φ,θ), wherer = |x|.

An important subset ofRn consists of all those vectors which have unit magnitude; it is

defined asSn−1 = {x | |x|= 1 andx∈ Rn}. Elements ofSn−1 are directions inRn; we will

often use the notation~o for them.

Every line inn-space is of the form{x+ τ~o | τ ∈ R} for some uniquely defined~o∈Sn−1

andx∈~o⊥, where~o⊥ = {x | 〈x,~o〉= 0} is the hyper-plane perpendicular to~o; consequently,

the space of lines inn-dimensional space is represented byTn =
{
(~o,x) |~o∈ Sn−1,x∈~o⊥

}
.

We will be making essential use of certain properties of functions and of generalized

functions also called distributions). A mathematically precise theory of these in the context

of image reconstruction from projections is provided in [55]. We do not repeat that material

here, but provide a minimal outline which is necessary for understanding what follows.
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The functions that we utilize map the setsRn,Zn andTn into eitherR orC. In order for

the theorems that we state to be valid, the classes of functions need to be restricted to those

which have special properties. One such class is theSchwartz space[87] S (Rn), whose

elements are the rapidly decreasing and infinitely differentiable functions fromRn into C

[55]. Another important class that we need isS ′ (Rn), the space oftempered distributions

which are continuous linear forms [55] on S (Rn); implying, in particular, that aT ∈ S ′ (Rn)

associates with a functionf ∈ S (Rn) a complex number, denoted byT f (for now). A

famous example is provided by theDirac functionδ, defined by

δ f = f (0), (2.2)

for any f ∈ S (Rn). (0 is then-dimensional vector of all zeros.)

Now consider any functionϕ overRn and define the linear formTϕ by

Tϕ f =
Z

Rn

ϕ(x) f (x)dx, (2.3)

for any f ∈ S (Rn). If the integral on the right exists for allf ∈ S (Rn), thenTϕ is defined.

It is a useful fact that wheneverϕ ∈ S (Rn), thenTϕ is defined and is in fact inS ′ (Rn). The

same is true forϕ having other properties such as being square integrable (i.e.,ϕ∈ L2(Rn),

using the notation of [87]) or slowly increasing (see [55], pages 54-55). In such a case we

say thatϕ itself is a tempered distribution and replace the notation on the left hand of (2.3)
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by that on its right hand side. This notation can be conveniently extended to other tempered

distributions, resulting in formulas such as

Z

Rn

δ(x) f (x)dx = f
(
0
)

(2.4)

to replace (2.2).

This notation is useful for understanding how various notions for functions are naturally

extended to distributions. For example let, for any functionf overRn and anyy∈ Rn, fy

denote the function overRn defined byfy(x) = f (x−y). Then forϕ ∈ S ′ (Rn) andy∈Rn,

ϕy denotes the tempered distribution which is defined byϕy f = ϕ f−y, for any f ∈ S (Rn).

The appropriateness of this is indicated by

ϕy f =
Z

Rn

ϕy(x) f (x)dx

=
Z

Rn

ϕ(x−y) f (x)dx

=
Z

Rn

ϕ(z) f (z+y)dz

=
Z

Rn

ϕ(z) f−y(z)dz= ϕ f−y.

(2.5)

A special consequence of this is that

δy f = δ f−y = f−y
(
0
)

= f (y) . (2.6)
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It is also clear that ifϕ ∈ S (Rn) or ϕ ∈ S ′ (Rn), then

(ϕy)z = ϕy+z, (2.7)

for anyy andz in Rn.

In what follows we will be defining operators and state theorems about “functions” (in-

cluding tempered distributions). We will not be precise as to the exact classes for which

the operators are defined or in which the theorems are valid; such precision can be obtained

from [55] (and to a lesser extent from [87]). Since our aim is an approximate reconstruc-

tion of a bounded object from noisy samples of its projections, one can always embed the

material presented into an appropriate rigorous mathematical theory.

A most important linear operator is the Fourier transform which maps a functiong over

Rn into a functionĝ overRn defined by

ĝ
(

ξ
)

= (2π)−n/2
Z

Rn

g(x) e−i〈x,ξ〉dx, (2.8)

for all ξ ∈ Rn. If g is in S (Rn), then so isĝ (Theorem 2.28 of [55].) Using this fact, the

definition of the Fourier transform can be extended to a tempered distributionT as follows:

T̂ is the tempered distribution such that for anyf ∈ S (Rn), T̂ f = T f̂ (see (2.64) in [55]).

It is easy to show that this definition is consistent with (2.3) in the sense that, for any

ϕ ∈ S (Rn), T̂ϕ = T̂ϕ.
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For eachy∈ Rn, the sinusoidal functionSy is defined by

Sy(x) = e−i〈x,y〉, (2.9)

for all x∈Rn. Note thatS0 is the function whose value is always 1. Then, using (2.3), (2.4)

and (2.8), we can easily derive that

δ̂ = (2π)−n/2S0, (2.10)

i.e., a constant valued function.

We also define the inverse Fourier transformǧ of a functiong overRn by, for allx∈Rn,

ǧ(x) = (2π)−n/2
Z

Rn

g
(

ξ
)

ei〈x,ξ〉dξ (2.11)

andŤ of a tempered distributionT by Ť f = T f̌ . These are indeed inverses of the Fourier

transform in the usual sense (e.g.,T is the inverse Fourier transform ofT̂).

Similarly to functions defined overRn, the Fourier and inverse Fourier transforms for a

function defined onTn, are given by

ĝ
(
~o,ξ

)
= (2π)

1−n
2

Z

~o⊥

g(~o,x) e−i〈x,ξ〉dx (2.12)
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and

g(~o,x) = (2π)
1−n

2

Z

~o⊥

ĝ
(
~o,ξ

)
ei〈x,ξ〉dξ (2.13)

where~o∈ Sn−1 andξ, x∈~o⊥.

The Fourier transform has important properties that we will use in this dissertation. The

shifting property of the Fourier transform is that, for ally∈ Rn,

f̂y = Sy× f̂ . (2.14)

In casef̂ is a function, the right hand side of (2.14) denotes just a pointwise multiplication

of two functions. It is also meaningful in casêf is a distribution, as is defined in (A.1) of

the AppendixA.

The scaling property is that, ifλ f (x) = f (λx) andλ ∈ R, then

λ̂ f
(

ξ
)

= λn−1 f̂
(

ξ
)

. (2.15)

An important operation on functions is convolution; it is defined between two functions
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f andg overRn by

[ f ∗g] (x) =
Z

Rn

f (x−y)g(y)dy, (2.16)

or between two functionsg andh overTn by

[g∗h] (~o,x) =
Z

~o⊥

g(x−y)h(y)dy. (2.17)

The convolution of a distributionϕ with a functiong is a function whose value for anyx is

given by

[ϕ∗g] (x) = [ϕ−x]−1g, (2.18)

see (2.28) of [55]. That this is a natural extension of (2.16), is easily seen by using the

interpretation provided by (2.3). In particular, (2.18) combined with (2.6) and (2.7), yields

that

δy∗g = gy. (2.19)

In words, this can be described by saying that convolving a function withδy is the same as

“shifting” it to y.

This notion can be extended as follows. LetG be a set of points inRn and define the
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distributionXG by

XG f = ∑
y∈G

f (y) . (2.20)

An alternative way of describing the same idea isXG = ∑
y∈G

δy, and soXG is referred to

as atrain of pulseson the gridG. Then, for any functiong,

XG∗g = ∑
y∈G

gy. (2.21)

In words, convolving a function withXG results in the sum of the copies ofg shifted to

the pointsG.

An important relationship between the convolution of two functions and their Fourier

transforms is given by the following theorem.

Theorem 2.1 (Convolution) Let f andg be two functions overRn, then

f̂ ∗g = (2π)n/2 f̂ × ĝ and f̂ ×g = (2π)−n/2 f̂ ∗ ĝ. (2.22)

If f andg are two functions overTn, then

f̂ ∗g = (2π)(n−1)/2 f̂ × ĝ and f̂ ×g = (2π)(1−n)/2 f̂ ∗ ĝ. (2.23)



28

We consider a projection (a micrograph) to be a collection of line integrals, see Fig.

2.4. For a functionυ overRn (in our application this is the density function describing a

macromolecule) and for any~o∈ Sn−1 andx∈~o⊥, we define

[P υ] (~o,x) =
Z

R1

υ(x+ τ~o) dτ. (2.24)

The operatorP is called theray transform, sinceυ(x+ τ~o) provides, asτ varies, all the

densities along a line. The functionP υ is defined over the spaceTn. If υ ∈ S (Rn), then

[P υ]∈ S (Tn) [87]. The ray transform ofυ is related to its Fourier transform by the follow-

ing theorem.

Theorem 2.2 (Central Slice)Letυ be a function overRn. Then for~o∈ Sn−1 andξ ∈~o⊥,

[̂P υ]
(
~o, ξ

)
=
√

2π υ̂
(

ξ
)

. (2.25)

For a fixed~o, the values ofξ all lie in the hyper-plane~o⊥ perpendicular to~o which

crosses the origin (a central hyper-plane of the Fourier transform of the density function

υ). As a consequence, by taking the ray transform for every orientation, it is possible to

recover the Fourier transform of the density functionυ and then to recover the density

function itself by means of the inverse Fourier transform.

ThebackprojectionoperatorB, which maps a functiong overTn into a function from
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Fig.2.4: Under specific conditions, a micrograph can be considered a collection of line
integralsP υ crossing the specimen, denoted byυ. Every line integral is determined by an
orientation vector~o and a position vectorx∈~o⊥.

Rn intoR, is defined by

[Bg] (x) =
Z

Sn−1

g(~o,x−〈~o,x〉~o) d~o. (2.26)

For g = [P υ] the backprojection ofg is the average of the line integrals ofυ taken over all

lines crossing the pointx. There is a relationship between the backprojection operator and

the ray transform given by the following theorem.
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Theorem 2.3 (Backprojection) Let f be defined overRn andg overTn, then

[Bg]∗ f = [B (g∗ [P f ])] . (2.27)

2.5 Data Collection in TEM

In order to achieve a three-dimensional reconstruction from electron microscopic informa-

tion it is necessary to collect several projections of the specimen from different directions.

The techniques to collect micrographs in a TEM can be separated into those requiring tilts

and those with ‘zero-tilt’ [123].

For techniques that require tilting the specimen, the different views of the specimen can

be obtained by tilting it inside the TEM with the assistance of the goniometer, a piece of the

specimen holder. Despite the fact that commercial goniometers can achieve tilting angles

up to±80◦, the thickness of the tilted specimen and the supporting grid bring an important

limitation to the practical tilting angles that are useful in TEM, see Section2.3.2above.

The classical tomography approach consists of acquiring many pictures of the same particle

tilted into different orientations [57, 91]. However, a restriction on this collection scheme is

the accumulation of radiation damage in the specimen. Another collection scheme in use is

thesingle axis tilting(very useful when it is possible to crystallize a specimen or when the

symmetrical structure of it is previously known). In this technique the specimen is tilted in

small increments around only one axis and images are recorded at every step.
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Another tilting-based method to collect micrographs that avoids, as much as possible,

accumulative damage to the specimen and compensates somewhat for the limited tilt an-

gle is therandom conical tilting. Biological macromolecules interact with the specimen

support at the time of preparation; such an interaction frequently results in the individ-

ual macromolecules adopting a few well-determined orientations on the specimen support.

Random conical tilting is applicable to those macromolecules that exhibit an orientation

which is specifically perpendicular to the plane of the support and is random parallel to that

plane [98]. In this scheme many projections are determined by the tilting of the specimen

(typically 45−60◦) around an axis of the goniometer and by the different rotations of the

individual macromolecules in the specimen around the support’s normal axis. Significantly,

only one exposure of the tilted specimen preparation is necessary to collect many different

orientations. To obtain the information of the angle distribution parallel to the support’s

plane, a second exposure of the same area is taken without tilting the goniometer. The

information from the tilted support is the one used for the 3D reconstruction process; it is

the first to be acquired in order to minimize the damage to the specimen. After digitization,

the individual-particle images must be isolated together with their respective orientation

information. Interactive particle selection is still a common way to select the individual

images and correlation techniques are the preferred methods to align the individual macro-

molecule images [31]. In practice the individual macromolecule images have to be aligned

by in-plane translations and then by rotations; such alignments are not perfect, and they are
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reflected in the final reconstruction’s lower resolution.

Zero-tilt techniques also take advantage of the random orientations that particles assume

inside the specimen preparation. The two main zero-tilt techniques areprojection matching

andangular reconstitution. In the projection matching method the projection orientations

of the individual macromolecules are found by correlating the images (previously isolated)

to projections of a reference density function; when the individual macromolecules adopt

only a few well-determined orientations on the specimen, a suitable method to obtain the

reference reconstruction is by the random conical tilting scheme. The angles and in-plane

translations are refined by iteratively applying the projection matching method. Angular

reconstitution is a more general method in the sense that it does not require a previous refer-

ence reconstruction. This method finds a common line in two projections of the 3D density

function [112, 122, 123]. For this purpose, projections of all possible lines in the 2D pro-

jections, through the origin of the 3D object, are first calculated. These line projections can

be displayed as a 2D image known as asinogram. Every pair of line projections is cross-

correlated to obtain the orientation of the common tilt axis between the two projections.

After obtaining a first approximation to the orientations of the individual-macromolecule

images, a reference reconstruction of the density function is obtained. The information of

the individual image orientations can be refined by correlating the sinograms of images

produced by projecting the reference density function. This procedure is iteratively refined

until differences between the TEM-acquired images and the reference projection images
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are negligible from a practical point of view.

2.6 Three-Dimensional Reconstruction from TEM Images

Under the conditions given in the previous sections, images produced by a TEM can be

considered to be parallel projections of the specimens; an individual image can be consid-

ered to be a collection of line integrals with a given orientation. Although there is a direct

inversion formula for (2.24), it is rarely used in practice [87]; practical approaches make

use of properties of the ray transform that relate it to other transforms. We briefly intro-

ducing the principles of such approaches. Prior to introducing these principles, it is worth

mentioning that an important consequence of the limited range of angles that the individual

macromolecules adopt, or of the admissible tilting angle of the goniometer, is the failure

to collect projection information in a region of Fourier space. For example, in the case

of single axis tilting, the missing-information region is a wedge, and it is a cone for the

random conical tilting. This lack of information is important because it is reflected in the

final reconstruction, e.g., an elongation along the principal axis of the cone in the case of

the random conical tilting.

One approach to reconstruction takes advantage of Theorem2.2. When reconstructing

by making use of this idea, it is necessary to take care of the missing data inherent to

the imaging modality used for the data collection (e.g., projections are not available for

certain ranges of~o, see Section2.5). Also, prior to taking the inverse Fourier transform
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(commonly implemented assuming sampling on a Cartesian grid), interpolation is required

from the sampling of Fourier space that is implied by the Central Slice Theorem.

Other practical methods to invert the ray transform includeFiltered Backprojection, one

of the most widely-used methods of reconstruction. The Filtered Backprojection method

is based on Theorem2.3and the idea is to choose the functionBg in (2.27) to be as close

as possible to the delta functionδ defined by (2.2); thus, by (2.19), the left hand side of

(2.27) will result in a close approximation to the functionf . An efficient way to perform

the convolution on the right-hand side of (2.27) is by performing the operation in Fourier

space (by making use of Theorem2.1). Thus, we can take advantage of efficient discrete

implementations of the Fourier transform, e.g., theFast Fourier Transform[16, 17, 23, 99],

to recover the density function. For this approach to work, it is necessary to find ag such

thatBg≈ δ. Many such functions have been proposed and studied in [49, 62, 86, 87].

The mathematical foundation of methods such as the one presented above assume the

acquisition of projections for a continuum of orientations determined by the direction vec-

tor~o in (2.24), something that is impossible in practice. Yet, under certain conditions it is

possible to recover an approximation to the density functionυ from a limited number of

projections [49, 62, 86, 87], but a presentation of such an analysis is beyond the scope of

this dissertation.

Filtered Backprojection belongs to the category oftransform methodsbecause it takes

advantage of the ray transform and its relationship to other transforms, such as the Fourier
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transform. Furthermore, these methods treat the reconstruction problem as a continuous

one until the end, when an inversion formula is discretized in order to evaluate it on a com-

puter. There are other methods that treat the reconstruction problem as a discrete problem

from the beginning. These methods assume that any density function can be represented

by a series expansion into basis functions; thus, these methods are calledseries expansion

methods. An important example of such methods are the algebraic reconstruction tech-

niques (ART) [40].

In the series expansion methods the density function is approximated by a linear com-

bination of basis functions as

υ(x)≈
J

∑
j=1

c jb j (x) , (2.28)

wherex is a point in the space (in this work we work with points inR3 space),υ is the

density function to be reconstructed,
{

b j
}

is the set of basis functions each of which is

weighted by a coefficientc j . While the basis functions are selecteda priori, the coefficients

have to be determined by the reconstruction method. As an example for (2.28) we refer to

Fig. 2.5 in which a density function is represented by the donut-like object that has to

be approximated by basis functions that have a unit value inside a cubic volume and zero

outside (known as cubic voxels, in Subsection4.3.1we formally define them). In Fig.2.5,

the set of coefficients is represented by the small dots at the center of the cubic voxels. Such

an approximation of a density function by cubic voxels is the most common manifestation
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Fig.2.5:In theseries expansion methodsa density functionυ is approximated by the linear
combination of basis functions. A common choice for basis functions are functions that
have a unit value inside a cube and zero outside. To approximate a density function, each
instance of the basis functions is weighted by coefficientsc j . Under this model, a line
integral[P υ]i will intersect only a few basis functions.

of (2.28). Recently, functions that are radially symmetric and limited in space have been

used as basis functions in (2.28) instead of cubic voxels. In Section3.1we discuss in detail

a particular family of such functions, which will be referred to asblobs[69, 70, 73, 80]. In

fact, only blobs are used in this dissertation for the basis functions of (2.28).



37

It follows from (2.24) and (2.28) that, for any(~o,x) ∈ Tn,

[P υ] (~o,x)≈
J

∑
j=1

c j
[
Pυb j

]
(~o,x) . (2.29)

Suppose that our measurements are made forI lines, characterized by(~oi ,xi), for 1≤ i ≤ I .

Then we get

yi ≈
J

∑
j=1

`i, j c j (2.30)

whereyi is the ith measurement and̀i, j =
[
Pυb j

]
(~oi ,xi), a value which can usually be

analytically determined (in case of cubic voxels, it is the length of the segment of the

ith line inside thejth basis function). Equation (2.30) is approximately a system of linear

equationsy= Lc that can be solved either by some sort of direct inversion or by an iterative

method. In practice the systemy= Lc is often overdetermined (to compensate for the noise

in the measurements, we typically take many more measurements than there are unknowns

c j ).

A particular iterative method to solve the systemy = Lc is a generalization of Kacz-

marz’s method [61] for solving both over- and underdetermined linear systems of equa-

tions. For this generalization, we consider that the matrixL can be divided inN blocks

(n denotes the number of a block,1≤ n≤ N) and there areM rows in each block and so
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I = M×N. Thekth iterative step is

c(k+1) = c(k) +λ(k)
nM

∑
i=(n−1)M+1

yi−
〈
`i ,c(k)

〉

J
∑
j=1

`2
i, j

`i , for n = [k (mod N)]+1, (2.31)

where`i is aJ-dimensional vector whosejth component is̀ i, j andλ(k) is a relaxation pa-

rameter which determines how much the solution is updated in thekth iteration. In practice,

the blocks are chosen to correspond to a single projection (an electron micrograph). Thus

~oi has the same value for alli’s in a single block. (N is the number of electron micrographs

andM is the number of sample points in an electron micrograph.) This allows us a very

efficient simultaneouscalculation of
〈
`i ,c(k)

〉
, for (n− 1)M + 1≤ i ≤ nM, by using the

“footprints” of the blobs [80], and makes the iterative algorithm specified in (2.31) quite

fast for practical applications. In fact, it was reported in [73] that for reconstruction from

data collected by the random conical tilt geometry, the algorithm based on (2.31) required

3.34 min, while a standard transform method needed 24.16 min to reconstruct from the

same data on the same computer.

The ordering of the projections which results in the blocks used in the formula above

is important for achieving an efficient performance [54]. The main idea is that consecutive

blocks should introduce independent changes. This is achieved by ordering the projections

so that in the resulting sequence of~on (the common~oi associated with thenth block), each

vector tends to be orthogonal to the ones immediately preceding it.
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The relaxation parametersλ(k) are also of great practical importance, see [49, 50, 62, 76,

78, 87], and the optimal values depend on the quality of the projections, the data collection

geometry and the information expected from the reconstruction. It is important to point out

that generally the values ofλ(k) would be different for distinct reconstruction tasks.

It turns out that, in our application, solving the linear system by (2.31) is faster than

inverting the matrixL because a line intersects only a very few basis functions (see Fig.

2.5), resulting in a matrixL which issparse(most of its entries are zero valued) whereas a

generalized inverseL+ [9] (typically L is not invertible) has mostly non-zero entries. The

sparsity ofL implies that (2.31) can be efficiently implemented (specifically by using the

already mentioned idea of footprints [80]).

2.7 Final Representation

After reconstruction, the approximation to the density functionυ is generally corrupted by

noise, resulting from the noise in the data collection, see (2.1), and by errors inherent in

the reconstruction algorithm. As a result,υ is typically an imprecise approximation to the

macromolecular complex. Consequently, this approximation has to be further processed

to obtain an accurate representation of the macromolecule. Despite the need for further

processing, TEM technology has been commonly used to obtain reconstructions of macro-

molecular structures because of the meaningful information this technology produces under

the conditions described in previous sections [24, 31, 77].



Chapter 3

VISUALIZATION USING KAISER-BESSEL FUNCTIONS

3.1 Reconstruction Algorithm

In Chapter2 we introduced some methods for recovering a density functionυ from its

projections. All those methods produce “good” reconstructions under the appropriate con-

ditions. In this dissertation we are interested in the algebraic reconstruction techniques

because these have proved to be efficacious methods for a number of reconstruction tasks

[49, 50, 65, 78] and in particular the authors of [73, 76] obtained results suggesting that the

combined use of ART and a set of smooth basis functions produce better reconstructions

than (or at least as good reconstructions as) those produced by other algorithms.

As we mentioned in Section2.6, ART attempts to recover a density functionυ by a

linear combination of known basis functions, see (2.28). The choice of the set of basis

functions{b j} greatly influences the result of the reconstruction algorithm [69, 70, 80].

When the basis functions are cubic voxels, as in Fig.2.5, the resulting approximation toυ

is a piecewise constant function that has undesirable artificial sharp edges; consequently, it

40
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appears to be more appropriate to use functions with a smooth transition from one to zero.

In the field of reconstruction from projections Lewitt [69, 70] and Matej [80] have

proposed the use of basis functions, calledblobs, with spherical symmetry and a smooth

transition from one to zero (they considered that using blobs as the basis function would

reflect more accurately the smoothness of natural objects). Blobs are a generalization of

a well-known class of window functions in digital signal processing calledKaiser-Bessel

[69]. The general form of a single blob is:

b(m,α,a; r) =





Im

(
α
√

1− (
r
a

)2
)

Im(α)

(√
1−

( r
a

)2
)m

, if 0≤ r ≤ a,

0, otherwise,

(3.1)

wherer is the radial distance from the blob center,Im denotes the modified Bessel function

of orderm, a is the radius of the blob andα is a parameter controlling the blob shape. The

three parametersm (a non-negative integer),a andα (non-negative real numbers) control

the smoothness and shape of a blob and influence the results yielded by the reconstruction

algorithm; therefore, the appropriate selection of them is highly important. Hereafter, we

setm equal to 2, which makes the blobs to be twice differentiable and its first derivative

continuous.

The selection of blobs as basis functions for (2.28) is based on several desirable prop-

erties they posses. First of all, they have a smooth transition from one to zero in a bounded
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region of space, whereas Gaussian functions decay to zero at infinity. Second, the pro-

jection of ann-dimensional blob results in an(n− 1)-dimensional blob, a fact that we

can make good use of in the implementation of (2.31). Third, there is a closed analytical

formula for the three-dimensional Fourier transform of any blob defined by (3.1) (in case

m= 2, it is the spherically symmetric function determined by

b̂(2,α,a;R) =
a3α2

I2(α)





I 7
2

(√
α2− (aR)2

)

(√
α2− (aR)2

) 7
2

, if aR≤ α,

J7
2

(√
(aR)2−α2

)

(√
(aR)2−α2

) 7
2

, if aR≥ α,

(3.2)

whereJ is the Bessel function). Finally, blobs are practically bandlimited [69]. We illus-

trate this in Fig.3.1, which plots the valuelog
(

b̂(2,13.36,2.40;R)
b̂(2,13.36,2.40;0)

)
as a function of the fre-

quencyR. It is clear from this figure that̂b(2,13.36,2.40;R) is less than a ten-thousandth

Fig.3.1:The Fourier transform of a blob. We plotlog
(

b̂(2,13.36,2.40;R)
b̂(2,13.36,2.40;0)

)
as a function of the

frequencyR.
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Fig.3.2: Scheme for the approximation of a density function, represented in blue, by the
linear combination of weighted blobs (the center of each blob is represented in the image
by a small yellow sphere). The support of a blob is a sphere and we indicate the support of
each blob in transparent red.

of its peak value ifR≥ 2π and it is less than a millionth of its peak value ifR≥ 4π.

When blobs are used as basis functions in (2.28), the individual blob functionsb j are

shifted versions of the blobb defined in (3.1), see Fig.3.2. We refer to the set of points

{
p j

}
to which the centers of the blobs are shifted in such a blob representation as agrid,

see the yellow spheres in Fig.3.2.

Incidentally, the linear combination of blob-like basis functions has also been proposed

as a way for modeling three-dimensional objects in the computer graphics field [14, 29, 84].
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Some examples of basis functions with smooth transition from their maximum to zero are

the Gaussian function, used in [14], and multiscale wavelets, used in [84, 85].

3.2 Blob Parameters and Grids

The choice of the spatial arrangement of the set of grid points
{

p j
}

is important for the

quality of the final reconstruction. Three grids are of particular interest:

a. The simple cubic grid (sc) is defined by

G∆ =
{

∆k | k∈ Z3} , (3.3)

where∆ is a positive real number (the sampling distance).

b. The body-centered cubic grid (bcc) is defined by

B∆ = {∆k | k∈ Z3 andk1≡ k2≡ k3 (mod2)}, (3.4)

where∆ is a positive real number.

c. The face-centered cubic grid (fcc) is defined by

F∆ = {∆k | k∈ Z3 andk1 +k2 +k3≡ 0 (mod2)}, (3.5)

where∆ is a positive real number.

In order to visualize these grids, we can use a small portion of them and take advantage of

their periodic repetition, see Fig.3.3.

The sampling of a functionf : R3 → R can be carried out over any of the grids pre-

sented above. For this purpose letXG∆, XB∆, andXF∆ denote the trains of pulses on
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(a) (b) (c)

Fig.3.3: Points in the simple cubic (a), body-centered cubic (b), and face-centered cubic
(c) grids in a2×2×2 portion of space (assuming∆ = 1). The rest of the points can be
obtained by filling in space by the most natural repetition of the indicated2×2×2 portion.

the gridsG∆, B∆ andF∆, respectively see (2.20). Multiplying f by the appropriate one

of these distributions defines sampling on the corresponding grid (see AppendixA for a

mathematically more precise treatment). It is easy to verify (see (A.5), (A.8) and (A.11) in

the Appendix) that

X̂G∆ =

(√
2π
∆

)3

XG2π
∆

(3.6)

and

X̂B∆ =
1√
2

(√
π

∆

)3

XFπ
∆
. (3.7)

The interest in the grids defined above is that the simple cubic grid is the most used

and is the easiest to implement in current computers. It has been shown in [81, 97] that
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the bcc grid is the most “efficient” sampling in three-dimensional Euclidean space when

a function is bandlimited with a spectrum that is radially symmetric. To illuminate this

statement, we consider a distributionυ whose Fourier transform̂υ has the property that

υ̂(R,Φ,Θ) = 0, if R≥ π (i.e., the bandwidth ofυ is 2π). Samplingυ at points ofG1 (which

is the same as multiplying byXG1) results, see Theorem2.1, in a Fourier transform which

is the convolution of̂υ with XG2π; see (3.6). Due to (2.21) and the assumed property ofυ̂,

this Fourier transform coincides with the Fourier transform ofυ within a sphere of radiusπ

centered at the origin (see Fig.3.3(a)), and soυ can be unambiguously recovered from the

samples. However, the same cannot be guaranteed if sampling is done at points ofG∆ with

∆ > 1, because of the resulting overlap of the repeated spheres of radiusπ in the Fourier

transform of the sampled function (aliasing). On the other hand, samplingυ at points of

B∆ results in the spheres repeating with their centers at the grid pointsFπ
∆
; see (3.7). As

can be seen from Fig.3.3(c), to avoid aliasing we may set∆ to 1√
2

(or anything less). The

number of points needed to cover a fixed portion of space is lower when the points come

from B 1√
2

than when they come fromG1. This is the sense in which thebccgrid is more

efficient than thescgrid. Thefccgrid is more efficient than the simple cubic grid but is less

efficient than thebcc grid. Interestingly thebcc and thefcc grids are reciprocals of each

other in real space and Fourier space, as expressed in (3.7).

For reconstruction purposes, Matej and Lewitt [79] demonstrated that whenever a linear

combination of blobs is employed to obtain an approximation ofυ, the grid used should be
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different from the simple cubic grid, and that thebccgrid is the most desirable. Therefore,

we will consider thebccgrid for the set
{

p j
}

where the centers of the blobs
{

b j
}

should

be located; i.e., the set is obtained by the intersection of some finite convex region of space

with theB∆ of (3.4).

Having decided that we usem= 2 and thebcc grid, there are three parameters to be

chosen:α, a, and∆. Clearly, to be able to approximate arbitrary distributions using (2.28),

the value of∆ should be small. However, in a fixed volume of space, the number of grid

points (and consequently the cost of our reconstruction algorithm) is proportional to1
∆3 and

so practical considerations do not allow us to choose∆ very small. The cost of reconstruc-

tion (in our implementation using footprints [70, 80]) is also proportional toa2; we soon

report on the influence of the size ofa on reconstruction quality. In our implementation,

computational cost does not depend onα, and so this parameter may be chosen purely

based on the quality of the resulting reconstructions.

One reasonable criterion for choosing our parameters is that a linear combination of

blobs withc j = 1, for 1≤ j ≤ J, should be an approximation of a constant valued function.

In such a case, the right hand side of (2.28) is a convolution of the blobb in (3.1) with a

truncated version ofXB∆, and so by Theorem2.1 its Fourier transform is approximately

b̂× 1√
2

(√
π

∆

)3
XFπ

∆
(see AppendixA for a discussion of the multiplication of a function

by a distribution). For this to best approximate the Fourier transform of a constant-valued

function (which is an impulse at the origin) it is useful to selectb in such a way that
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b̂(2,α,a;R) is zero-valued at the locations ofFπ
∆

which have the smallest positive distance

from the origin; i.e., at the frequencyR=
√

2 π
∆ . SinceI 7

2
is not zero-valued and the smallest

positivex for which J7
2
(x) = 0 is x = 6.987932, it follows from (3.2) and the discussion in

this paragraph that, for anya and∆, a reasonable choice is

α =

√
2π2

( a
∆

)2
−6.9879322. (3.8)

Following this approach we reduce the number of unknowns from three to just two, i.e.,a

and∆. Note thatα depends only on the ratio (and not on the actual values) of these two

variables.

In Fig. 3.4 we report on an experiment based on those proposed in [80]. The plots

represent the level sets (with indicated values) of the root mean square (rms) error between

an appropriate constant and the right hand side of (2.28) (with c j = 1for j = 1. . .J) sampled

at an appropriate subset ofG1 for various choices ofa∆ andα (we set, for this experiment,

∆ = 1√
2
).

In Fig. 3.4 we indicate by a continuous heavy line the locus of points for which (3.8)

is satisfied (a hyperbola). As can be seen from Fig.3.4, for any fixed value ofa∆ the α

determined by (3.8) provides a low rms error. If we restrict ourselves to points on the

hyperbola indicated in Fig.3.4by the continuous heavy line, the rms error for a fixed∆ can

be decreased by using a higher valuea, but this is at the expense of increased computational

cost. Also, this study ignores resolution, which is another important criterion. There is
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Fig.3.4: The root mean square (rms) error between a constant-valued function and its ap-
proximation by a linear combination of blobs using several valuesα and a

∆ (with ∆ = 1√
2
).

The continuous heavy curve indicates the locus of the points (a hyperbola) which satisfy
(3.8), the broken heavy curves indicate the hyperbolas which correspond to the other zero-
crossing of the Fourier transform ofb.

no particular reason to believe (and, in fact, one is likely to suspect the contrary) that

the parameters which are good for representing very smooth objects will also result in

reconstructions of high resolution. We return to this issue below.

The hyperbola expressed in (3.8) by the continuous heavy line has been obtained by

considering the smallest positivex for which J7
2
(x) = 0. There are also larger values of

x which have this property, providing us with other blobsb whose Fourier transforms are

zero-valued at the frequencyR=
√

2π
∆ . Each one of these values provides us with an alter-

native hyperbola (just replace the constant in (3.8) with the new value), these are shown in

Fig. 3.4 by broken heavy lines. From the point of view of the discussion which led us to

(3.8), the alternative versions are equally acceptable and, as can be seen from Fig.3.4, they
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indeed provide us with relatively low rms errors.

3.3 Implicit Surfaces and Visualization

In computer graphics implicit surfaces (also called isosurfaces or isointensity surfaces) have

been used to represent objects of different topologies and geometries. An implicit surface

S is mathematically defined as

S= {(r,φ,θ)|υ(r,φ,θ) = t}. (3.9)

In many areas of science, (3.9) is used to visualize a reconstructed distribution described

by (2.28). The assumption is that there is a fixed thresholdt such that the object of interest

consists of exactly those points at which the value of the distributionυ is greater than the

threshold. If the total volume of the object of interest is known (as is the case in some

applications, such as electron microscopy), thent is uniquely determined by the criterion

that S should enclose exactly the known volume. For computerized visualization of the

object of interest it is then sufficient to display its surfaceS, as defined by (3.9).

A suitable method for visualizing the surface in (3.9) is raycasting. In one of its forms

this technique consists of casting a finite number of rays perpendicular to a plane, typically

the computer screen, towardsS; this form of raycasting produces an orthogonal projection

onto the plane. In order to produce a foreshortening effect in the final image (the farther the

objects, the smaller they appear in it) it is possible to use a perspective projection in which
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all the rays cast from the plane intersect in a point called thecenter of projection[29, 126].

Because we work with objects in which foreshortening is not important, we present images

with orthogonal projection only.

For every ray, we need to find the pointq in S nearest to the plane and compute its

distance and the normal toSatq (these are used to assign an intensity value on the computer

screen [29, 126]). In practice, finding the pointsq is computationally expensive. In general

there is no prior estimate of how farq is from the plane. Based on an approach in [14],

we designed the following methodology. We first do a preprocessing of the set of grid

points
{

p j
}

at the end of which, for every point on the plane from which we need to cast

a ray, we have the list of those grid points (arranged in order of increasing distance from

the plane) whose associated coefficients can possibly influence the value of the distribution

υ anywhere along the ray. (These grid points all lie within a cylinder of radiusa whose

central axis is the ray in question.) This preprocessing is easily done by identifying on the

plane the shadows of the blobs centered at the grid points, one-by-one in an appropriate

order. In locatingq for a particular ray, we make use of the associated list of grid points.

For all grid points in the list (recall that these are arranged in order of increasing distance

from the plane), we evaluateυ at the projection of the grid point onto the ray (for this we

need the blob coefficients for only a few grid points, all of which are at a similar position

in the list), until we find (if ever) two consecutive projectionsqa andqb such that the value

of υ is below the threshold atqa and is above it atqb. Thenq is located by a binary search
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betweenqa andqb (for this we need the coefficients of only those blobs which were used

for calculatingυ atqa and atqb).

Assuming that the approximation in (2.28) is exact, we know thatυ is a continuously

differentiable function and that the gradient ofυ, at any point, is given by

∇υ(r,φ,θ) =
J

∑
j=1

c j∇b j(r,φ,θ). (3.10)

The set
{

c j
}

is produced by the reconstruction algorithm and we have closed formulas

to compute∇b j [69]. The representation obtained by (3.9) and raycasting is therefore an

accurate representation of the object of interest, limited only by the reconstruction and

thresholding processes.

3.4 Selection of Blobs for Visualization

The principles described in Sections2.6, 3.1 and 3.2 have been applied in the field of

Structural Analysis of Proteins by Transmission Electron Microscopy [8, 73, 76, 77, 107].

In particular, the authors of [8] obtained a set of coefficients
{

c j
}

by applying ART to

projection images originating from a protein (the macromolecular complex DnaB·DnaC)

imaged by a transmission electron microscope, using parametersα, a and∆ satisfying (3.8).

When we used the resulting set
{

c j
}

to produce a visual representation of the surface of

the macromolecular complex DnaB·DnaC by the raycasting method explained above, we

found, to our surprise, that the surface representation had artifacts that were not observable
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(a) (b)

Fig.3.5: (a) Surface representation of the macromolecular complex DnaB·DnaC with blob
parametersa= 1.25, α = 3.60with grid separation∆ = 1√

2
[8] (the distance between pixels

is equal to1
4). (b) A central slice from the reconstruction by ART of the macromolecular

complex DnaB·DnaC with the same parameters as for (a) with∆ = 1.00.

in the slice-by-slice presentation of the reconstructed distribution, see Fig.3.5 (In order

to fully appreciate the three-dimensional structure of the macromolecule, the distance be-

tween pixels in Fig.3.5(a) is equal to1
4.) Clearly, the parameters which were considered

sufficiently good for reconstruction are not particularly good for visualization.

Similarly to the approach of approximating functions by linear combinations of blobs,

the representation of surfaces using linear combinations of blobs requires finding a “good”

set of parameters for the blobs and for the grid of blob centers. In Fig.3.6, we illustrate

the enormous influence of the values ofa andα have on the appearance of the resulting

surface.
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In order to study further the effect of blob parameters for visualization, we used an

approach similar to that in Section3.2, but now we aimed at minimizing the error between

a surface and its approximation, as measured by the difference between the surface normals

[114]. For this test we selected a distributionυs with a constant value 1 inside a sphere

(a) (b)

(c) (d)

Fig.3.6: In all cases the distributionυ is defined by (2.28) using the gridB 1√
2

with blob

coefficient 1 at the points(0,0,0), (
√

2,0,0) and (0,
√

2,0) and blob coefficient 0 at all
other points. The displayed surfaces are defined by (3.9) with t = 0.5. The values ofa and
α are (a) 1.25 and 3.60 (same as for Fig.3.5(a)), (b) 2.40 and 13.36, (c) 3.20 and 18.85 and
(d) 1.65 and 0.00. The first three pairs of(a,α) satisfy (3.8) and the fourth is computed
with the value ofx for the second zero crossing ofJ7

2
(x). (Throughout this dissertation we

report ona andα to an accuracy of 0.01, however the values actually used by our programs
were always calculated to the accuracy of our computations.)
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(a) (b)

(c) (d)

Fig.3.7:Visualizations of the implicit surface (t = 0.5) of reconstructions of a sphere. For
the choices of the parameters in cases (a), (b), (c) and (d), see the caption of Fig.3.6.

and 0 outside. We then simulated the random conical tilt scheme of data collection, see

Section2.5, to generate the projections fromυs. The projections were utilized to create

reconstructions using ART with different values fora
∆ andα (keeping again∆ = 1√

2
). For

each set
{

c j
}

produced by the reconstruction algorithm, raycasting was used to create a

visualization of the implicit surface of the reconstructed sphere at threshold 0.5. (Four of

the resulting surface displays, for the same choices of parameters as were made for Fig.3.6

are shown in Fig.3.7.)

For every ray we computed the angle between the normal to the true spherical surface



56

Fig.3.8: The rms error between analytic normals to a sphere and normals to the implicit
surface of its reconstruction at each display point for which the ray casted crosses both
surfaces (see Fig.3.7). The continuous heavy curve indicates the locus of the points (a
hyperbola) which satisfy (3.8). The broken heavy curves indicate the hyperbolas which
correspond to the other zero-crossing of the Fourier transform ofb.

and the normal to the implicit surface in the reconstructed distribution. We define therms

error to be the norm of the vector whose components are these angles (for all display points

for which the casted ray crosses both surfaces). The results are displayed in Fig.3.8 in a

manner similar to the display in Fig.3.4.

Ignoring for now the exact choice ofα, what we see in Fig.3.8 is that, generally

speaking,a∆ should be neither too small (this results in bumps as in Fig.3.7(a)) nor too large

(this results in a blurred-out sphere as in Fig.3.7(c)). To allow us to make a definite choice,

we propose the following criterion:a should be chosen as small as possible consistent

with achieving the following. If two blobs at nearest grid points in the gridB∆ are given

coefficients 1 with all other blobs given coefficients 0, then the implicit surface thresholded
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at t = 0.5 should enclose a convex set. Such implicit surfaces (for the values ofa also used

in Figs.3.6, and3.7 and withα determined by (3.8), assuming that∆ = 1√
2
) are shown in

Fig. 3.9. Fixing ∆ to be 1√
2

and using anα which is determined by (3.8), we find that

the smallesta which satisfies our new criterion is2.40 (this corresponds to (b) in Figs.3.6

and3.7). The correspondingα is 13.36 and the location of this( a
∆ ,α) pair is indicated by

arrows in Figs.3.4and3.8.

We see that, as long as we insist that (3.8) be satisfied, the value ofa determined by the

criterion stated in the previous paragraph will be a fixed multiple of∆. (This can be easily

derived by looking at (3.1) and expressing botha andr in it as multiples of∆ and using

theα specified with (3.8).) So the criterion, together with (3.8), uniquely determinesa∆ (it

is 3.39) andα (it is 13.36). We still have the freedom of choosing∆; its choice to a large

extent depends on the nature of our measurements.

We could argue that the criterion just described could be combined with (3.8), but using

the hyperbola associated with the next zero-crossing of the Fourier transform of (3.1), to

obtain a lower rms error. For example, the hyperbola associated with the second zero-

crossing ofb in Fig. 3.8crosses lower rms errors. Disappointingly, using the same criterion

for this hyperbola

(
α =

√
2π2

(
a
∆
)2−10.417112

)
does not provide a value fora∆ such that

the surface of two closest-neighboring blobs transits from concave to convex. There is no

transition since thea provided by withα = 0 already produces a convex surface, shown

in Fig. 3.9(d). It can be seen in Fig.3.7(d) that the implicit surface produced with such
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(a) (b)

(c) (d)

Fig.3.9:Representations of the implicit surface at levelt = 0.5 for the combination of two
blobs whose centers are immediate neighbors in thebccgrid B 1√

2
and whose coefficients

are 1. The parameters of the blobs match those in Figs.3.6and3.7.

parameters is a bad approximation of a sphere. Not surprisingly, for these values, the rms

error presented in Fig.3.8 is outside the region of “good” values.

We illustrate the performance of these choices of the parameters used in conjunction

with the electron microscopic data from the macromolecular complex DnaB·DnaC. The

resulting implicit surface is shown in Fig.3.10(b); it is superior to the previously shown

surface of Fig.3.5(a), which is reproduced here as Fig.3.10(a). It is also worth noting

that it is just about impossible to anticipate the radical differences between the surface
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displays in Fig.3.10 from the traditional slice-by-slice presentation of the reconstructed

distributions, see Fig.3.11.

(a) (b)

Fig.3.10:Representations of the implicit surface for the macromolecular complex DnaB·-
DnaC. The reconstructions using ART and visual representations of the DnaB·DnaC were
created with (a) parameters∆ = 1√

2
, a = 1.25 andα = 3.60 as used in [8], (b) parameters

∆ = 1√
2
, a = 2.40andα = 13.36.

3.5 Comparison with Explicit Surface Visualization

While the implementation of raycasting to visualize implicit surfaces is straightforward,

such visualization is usually computationally demanding and slow because of the constant

search for the intersecting pointsq. Polygon-projection methods are an alternative because

of their fast performance. These methods explicitly approximate a surface by a collection

of polygons [29, 35, 126]. Here we compare the performance of the raycasting method



60

(a) (b)

Fig.3.11: Central section of the reconstructions of the macromolecular complex DnaB·-
DnaC by ART with (a) parameters∆ = 1√

2
, a= 1.25andα = 3.60, (b) parameters∆ = 1√

2
,

a = 2.40 andα = 13.36. Both images are central slices of the discretized density function
υ using thescgrid with ∆ = 1.00.

described in Section3.3 with that of the polygon-projection method implemented in the

visualization software OpenDXTM [1].

In order to apply OpenDXTM to our reconstructions, we first need to evaluate the val-

ues at points of some grid (for our illustrations we used the simple cubic grid). For rea-

sons already explained in Section3.2, if B 1√
2

was used for reconstruction, it is appropriate

to estimate the reconstructed values, using (2.28), at points ofG1. Just like the raycast-

ing method, the polygon projection method of OpenDXTM requires the specification of a

threshold, based on which it automatically calculates the polygons which form the explicit

surface to be displayed.



61

We applied this approach to the reconstructions of the macromolecular complex DnaB-

·DnaC whose central slices are reported in Fig.3.11. (By the way, these slices are displays

of the estimated values at points ofG1.) The calculation of the values at points ofG1 took

10 s for the blobs witha = 1.25 andα = 3.60 and 56 s for the blobs witha = 2.40 and

α = 13.36. (All times are for a Pentium 4TMbased computer, 2 GHz, 512 Mbytes of RAM,

under Linuxc©.) In both cases, the computation of the explicit surface took 2 sec. The

display of the surface, once computed, is essentially instantaneous. These times are much

better than what is needed for raycasting at the same resolution (480×480pixels): 13 min

19 s for the blobs witha = 1.25 and α = 3.60 and 1 h 35 min 50 s for the blobs with

a = 2.40 andα = 13.36. However, the reconstruction times (the calculation of the
{

c j
}

by ART) are 32 h 15 min 36 s and 65 h 22 min 48 s, respectively, in these two cases and

the time needed for specimen preparation and the collection of electron microscopic data

is measured in weeks. Hence the quality of the visualizations may very well be considered

more important than the computer time needed to produce them.

The results produced by the polygon-projection method in OpenDXTM are presented in

Fig. 3.12. All parameters (for the blobs, the grid, the threshold, the assumed orientation

of the surface, etc.) were selected to be the same as those in the corresponding displays

in Fig. 3.10. With the computer graphic display methodology embedded in OpenDXTM ,

the explicit surface displays of Fig.3.12appear to be smoother than the implicit surface

displays of Fig.3.10, which is an advantage in case (a), but seems to be a disadvantage in
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(a) (b)

Fig.3.12:Representations of the explicit surfaces obtained from the reconstructions of the
macromolecular complex DnaB·DnaC using OpenDX with a128× 128× 128 voxelized
distribution over thesc grid (∆ = 1.00). Parameters used for reconstruction were: (a)
∆ = 1√

2
, a = 1.25 and α = 3.60 and (b)∆ = 1√

2
, a = 2.40 and α = 13.36. It is clear

that for this example the general visualization software hides some important details; for a
comparison with the corresponding output of the raycasting method, see Fig.3.10.

case (b), which is the case that uses the blob parameters recommended by us in Section3.4.

In order to further increase the rendering resolution, it was necessary to sample the density

function at the points ofG1
4
. By using this resolution, the artifacts in Fig.3.10(a) are also

visible in the OpenDX rendering using reconstruction parametersa = 2.40andα = 13.36,

see Fig. 3.13. However, the increase of the sampling implies an increment in time (60

seconds) and memory (800 Mbytes) to generate the explicit surface using this software, but

the time to render an image is still essentially instantaneous.

It is difficult to make a visual comparison between the results obtained by our raycasting
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(a) (b)

Fig.3.13: Representation of the explicit surface obtained from the reconstructions of the
macromolecular complex DnaB·DnaC using OpenDX with a400× 400× 400 voxelized
distribution over thescgrid (∆ = 0.25). (a) Parameters used for reconstruction were∆ =
1√
2
, a = 1.25andα = 3.60. (b) Parameters used for reconstruction were∆ = 1√

2
, a = 2.40

andα = 13.36. For this representation it is necessary to increase four times the memory
allocated by OpenDX.

method shown in Fig.3.10and those produced by OpenDX with a finely discretized density

function shown in Fig.3.13, mainly due to the difference in lighting models. However, we

can see that the result in Fig.3.13(a) is a smoother representation of the same surface that

is shown in Fig.3.10(a); we speculate that such smoothing is due to lack of information

in the discretized density function used as input to OpenDXTM . Similarly, it seems that

the surface in Fig.3.10(b) is a sharper version of that in Fig.3.13(b). However, for a fair

evaluative comparison it would be necessary to make the lighting models the same and to

use a mathematically described object whose features are known.
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As stated at the end of Section3.3, the accuracy of the visualization using raycasting

is limited only by the quality of the reconstruction (the
{

c j
}

) and the accuracy of the

threshold. The polygon-projection methods bring an additional source of inaccuracy into

the process: the approximation of the implicit surface by a collection of polygons. Thus, if

the reconstruction parameters and the threshold have been well chosen, we can expect that

raycasting will be the more reliable visualization tool. Whether or not this is worth the very

considerable additional computing time (and the consequent loss of capability of real-time

interactive examination of the resulting surfaces) is highly dependent on the application;

it is impossible to know ahead of time whether or not the more reliable visualization will

lead to increased scientific knowledge.



Chapter 4

FAST AND ACCURATE VISUALIZATION METHODOLOGIES

At the end of the last chapter we presented a short discussion on how the polygon-projection

methods bring an additional source of inaccuracy into the computer representation (by

approximating an implicit surface by a collection of polygons), and how the results ob-

tained by the raycasting-blobs methods are limited only by the quality of the reconstruction

and the accuracy of the threshold. However, the polygon-projection methods are, in gen-

eral, fast enough to allow real time manipulation of the three-dimensional representations,

whereas raycasting-blobs methods are too slow for that. It is desirable to find a method

that produces accurate computer representations, such as that presented in Fig.3.10(b), at

affordable speeds.

In this chapter we present two methodologies to create fast and accurate computer rep-

resentations of a macromolecular complex. The first improves the speed of the method pre-

sented in Section3.3without any loss of quality in the output. The second takes advantage

of a better sampling of the density functionυ to create higher-quality polygonal-projection

65
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images.

4.1 Method to Speed Up the Raycasting-Blobs Technique

In this section we consider a method to accelerate the raycasting-blobs method by taking

advantage of the properties of the representation in (2.28) when theb js are blobs based

on (3.1). Recall from Section3.3 that we are interested in visualizing the implicit surface

S, defined by (3.9), of the density distribution functionυ at a given thresholdt (chosen

so the volume enclosed byS equals the known volume of the macromolecular complex).

We presented in Section3.3 such a visualization method. That implementation searches,

for every pixel of the image displaying the surface, for two pointsqa andqb which are

end points of a line segment containing the pointq such thatυ(q) = t. This search is

computationally expensive as there is no estimate of how far the pointsqa andqb are from

the projection plane. To reduce this cost, we introduce below a preprocessing method that

finds an estimate of the pointq, for every casted ray in the image.

In the visualization method presented in Section3.3, we first process the set
{

p j
}

in

such a way that, for every casted ray, we obtain the list of grid points (sorted in order of

increasing distance from the plane) for which the blobs centered at them can contribute to

the value ofυ anywhere along the ray. Then, for every casted ray, the method evaluates

υ at the projections of these grid points onto the ray, until we find two consecutive points

qa andqb such thatυ(qa) is below the threshold andυ(qb) is above it. The search for the
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pointsqa andqb in every ray is time consuming as it is necessary to evaluateυ at many

points.

Our new raycasting-blobs method first calculates, for every grid pointp j , v j = υ
(
p j

)

and then proceeds to utilize both the set
{

c j
}

and a list of all thej, such thatv j ≥ t. It also

makes use of az-buffer, a popular tool in computer graphics [29, 126] for computing the

distances between the projection plane and the points nearest to it.

The version of thez-buffer algorithm that we designed for our purposes operates as

follows. A value is assigned to every ray of the raycasting algorithm of Section3.3. Initially

this value is “infinity” (in practice, a very large number). Then we loop through allj such

that v j ≥ t. For each corresponding blob, we calculate the distanced j of p j from the

plane and, for all rays which intersect the blob, we replace the currently assigned value

by d j if, and only if, d j is smaller than the currently assigned value. Upon completion of

this process, the value assigned to any ray will be an approximation to the distance of the

distance ofqb for that ray in the raycasting algorithm.

The new method utilizes only those rays whose corresponding value in thez-buffer is

different from infinity. For every ray of this set, we assume that the value stored in thez-

buffer provides the pointqc that in most of the cases is near to pointqb. We check whether

the conditionυ(qc)≥ t is true. When the condition is not true, we search forqa andqb as

we did in the original implementation but starting from the pointqc (which is a projection

of a grid point in the list associated towards the casted ray). In the alternate case, we search
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for the pointsqa andqb in the direction towards the plane, again starting fromqc. Once

the pointsqa andqb are found, the pointq is located as in the original implementation in

Section3.3.

4.2 Experiments for the Faster Raycasting-Blobs Technique

For our experiments we selected two macromolecular complexes: the DnaB·DnaC and the

bacteriorhodopsin (bR), see AppendixB for a discussion of the bR. The reasons for se-

lecting these two macromolecular complexes are that we already presented in the previous

chapter results with the complex DnaB·DnaC and that there is an atomic model for the bR

which permits us to know the truth regarding this complex (see Fig.B.2).

First, we obtained micrographs for both complexes, see Fig.4.1. In the case of the

complex DnaB·DnaC we used those supplied for the experiments in Chapter3, see Fig.

4.1(a). For the bR we obtained an atomic description from the Protein Data Bank (PDB)

[10]. We used this description file to simulate the process in (2.1) with programs that permit

us to simulate projections with noise from PDB models [30, 32, 75]. We decided to utilize

the conical tilt scheme to create the projections. For the selection of uncertainty for the

angles we used±5 degrees for rotation and±1 degree for tilt, these values are suggested in

[73]. For the level of noise in the pixels, we selected the value of 0.5 SNR (see Fig.4.1(b)),

a value within the range presented in [31] for uncorrelated additive noise with zero mean
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(a)

(b)

Fig.4.1:(a) Four micrographs of specimens of the DnaB·DnaC [8]. (b) Projections (above)
without noise and (below) with noise from the macromolecular complex bacteriorhodopsin
created with the assistance of atomic descriptions [10] and simulation programs [30, 32,
75].

and defined [31] as

SNR=
variance of signal
variance of noise

=

R ∣∣∣ô
(

ξ
)∣∣∣

2
ĥ2

(
ξ
)

dξ
R ∣∣∣n̂

(
ξ
)∣∣∣

2
dξ

, (4.1)

whereo represents the signal,h thepsf, see (2.1), andn is the noise. In the equation above,

the termsô
(
0
)
, ĥ

(
0
)

andn̂
(
0
)

are excluded.

We produced reconstructions of the macromolecular complexes by ART with blobs

as described in Section2.6. In conformity with our discussion in Section3.3, we made

a selection of blobs based on the criteria discussed in that section:a = 2.40, α = 13.36
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(a) (b)

Fig.4.2:Central slices corresponding to the DnaB·DnaC reconstructed with ART with blob
parametersa = 2.40, α = 13.36 and∆ = 1√

2
: (a) the set

{
c j

}
, (b) the discretized density

functionυ at the locations of
{

p j

}
.

and ∆ = 1√
2
. In Fig. 4.2(a) we present a slice of the set

{
c j

}
for the macromolecular

complex DnaB·DnaC . A slice of thebcc grid can be visualized as a square array where

only even or odd positions are assigned with a coefficient value depending on the slice (see

the definition of thebccgrid in (3.4) and Fig.3.3(b)). Therefore, for display purposes, we

assigned values to points in the simple cubic grid (see Fig.3.3(a)) in the following way.

First, the values assigned to points in thebccgrid are assigned to the same positions on the

simple cubic grid. The other values in the simple cubic grid are computed as follows, refer

to Fig. 3.3(b). First, the values for the positions in the middle of the cube faces are obtained

by averaging the two neighbors with distance∆ and the four neighbors with distance
√

2∆.
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Afterwards, the values for the positions on the middle of the edges of the cube are obtained

by averaging the six neighbors with distance∆. We illustrate the similarity between the set

{
c j

}
and the discretized density functionυ in Fig. 4.2(b) where we present a slice of the

density functionυ, calculated at the same positions as used in Fig.4.2(a).

After reconstruction, we created the set
{

v j
}

. This process took 34 s for the set
{

c j
}

corresponding to the DnaB·DnaC, with 1,600,065 values, and 37 s for that of the bR, with

1,482,624 values. The result of this process for the DnaB·DnaC is illustrated in Fig.4.2(b).

After creating the set
{

v j
}

, we used our modified raycasting method to obtain the com-

puter representation of both the macromolecular complexes DnaB·DnaC and bR. We pre-

sent these computer representations in Fig.4.3(a) and (b). These images can be compared

with those created with the raycasting method introduced in Section3.3 in Fig. 4.3(c) and

(d), respectively. It can be seen that the images are exactly the same. However, the times to

generate the images in Fig.4.3(c) and (d) are around 1.5 hours (using an Pentium 4TMwith

under Linuxc©computer at 2 GHz), while the times to generate those images in Fig.4.3(a)

and (b) are 190 s and 225 s for the DnaB·DnaC and bR, respectively; thus reducing the

computing time between 24 and 28 times.

In spite of the use of both thez-buffer and the set
{

v j
}

our raycasting-blobs method

still does not allow for real-time interaction. Therefore, it is desirable to have a method

that preserves the detail of Fig.4.3(a) in conjunction with real-time interaction. In the next

section we introduce a method that takes advantage of the polygon-projection methods as
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(a) (b)

(c) (d)

Fig.4.3: Three-dimensional representations of the macromolecular complexes (a)
DnaB·DnaC and (b) bacteriorhodopsin produced by the modified raycasting technique de-
scribed in Section4.1. They are identical to those produced by the original implementation
of the raycasting-blobs method show in (c) DnaB·DnaC and (d) bacteriorhodopsin. While
the real shape of the DnaB·DnaC is unknown, we can compare (b) and (d) with the “real”
shape of the protein in Fig.B.2 (at an arbitrary threshold that allows the visualization of
the sevenα-helices). Both images (b) and (d) represent the surface that encloses the same
volume as that represented in Fig.B.2.
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well as of the non-cubic grids.

4.3 Representation of Implicit Surfaces from Voxelized Sets

In this section we present an alternative way to display an accurate approximation to the

implicit surface of a density functionυ. Since this method allows the display of the ap-

proximate surface in a fraction of a second, it also provides us with a real-time capability to

examine the surfaces. Yet, as we will see, there is only some deterioration in image quality

as compared to Fig.4.3(a) and (b) (and similarity in image quality as compared to Fig.

3.13).

4.3.1 Voxels

We need to introduce the concept ofvoxels, short for volume elements, that are commonly

used to describe images in 3D. We define theVoronoi neighborhoodof any elementg (in a

grid Γ which is a set of points inR3 ), by

NΓ(g) =
{

x∈ R3 | for all h∈ Γ, |x−g| ≤
∣∣x−h

∣∣} , (4.2)

i.e., the Voronoi neighborhood ofg consists of all points that are not nearer to any other

point of Γ than they are tog. The Voronoi neighborhoods associated with a grid in three-

dimensional space are commonly known as voxels. The voxels of the gridG∆ of (3.3) are

cubes with volume equal to∆3
sc, see Fig.4.4(a). The voxels ofB∆ of (3.4) are truncated
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(a) (b) (c)

Fig.4.4: We present the voxels associated with (a) the simple cubic grid (which are cubes
whose centers are points of the grid), (b) the body-centered cubic (which are truncated
octahedra), and (c) the face-centered cubic grid (which are rhombic dodecahedra).

octahedra (polyhedra with six square faces and eight hexagonal faces) with volume equal

to 4∆3
bcc, see Fig. 4.4(b). Finally, the voxels ofF∆ of (3.5) are rhombic dodecahedra

(polyhedra with 12 identical rhombic faces) with volume equal to2∆3
f cc, see Fig.4.4(c). In

all cases, a voxel can be referred to by the grid point with which it is associated; thus we

talk about a cubic voxelc, wherec∈G∆.

In Section3.2it was mentioned that thebccgrid is the best grid to sample a bandlimited

function inR3. However, thefcc grid is easier to handle than thebccgrid for the purposes

of image processing and graphics. (For example, the voxels in thefcc grid have only one

kind of face, whereas thebccvoxels have two kinds of faces.) Much of what is reported in

the rest of this chapter is based on thefccgrid.

Any grid in R3 provides us with as a tessellation of it into voxels. If some voxels are

assigned the value 1 and the rest the value 0, then we obtain a3D binary image. Boundary

elements (bels) are common faces of 1-voxels and 0-voxels. We call a component (i.e., a
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(a) (b) (c)

Fig.4.5:Computer graphic display of a sphere using different grids. (a) is the display based
on a simple cubic grid with voxels of the same volume as the display based on thefcc
grid used for (b). The image (c) corresponds to a display based on a simple cubic grid
with voxels of volume equal to one eighth of the voxel volume in the other two images
(reproduced from [51]).

maximal “connected” subset) of the set of bels, aboundary(this definition depends on how

connectivity of bels is defined; more is said about this below).

Several methods have been developed to track a boundary in a 3D binary image [5,

39, 95], most of them work with cubic voxels. However, boundaries utilizing cubic voxels

have some undesirable properties. One of them is that the90◦ angle between the faces of

a cubic voxel results in a “blocky” appearance when displayed on a computer screen; see

Fig. 4.5(a). A way to overcome such problems is by utilizing a different type of voxel.

This is the approach we take, utilizing rhombic dodecahedral rather than cubic voxels

(see Fig. 4.5(b)). It turns out that a minor modification of an algorithm for boundary

tracking for cubic voxels [5] results in an algorithm capable of boundary tracking for both

cubic and rhombic dodecahedral voxels [36].
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SinceF∆ is a subset ofG∆ (see Fig.3.3), every binary image overF∆ gives rise to a

derivedbinary image overG∆, simply by assigning 0 to those elements ofG∆ which are not

in F∆. This is the observation which allows us to take advantage of an existing algorithm

for boundary tracking for cubic voxels to produce our boundary-tracking algorithm for

rhombic dodecahedral voxels.

4.3.2 Adjacencies for Cubic and Dodecahedral Voxels

For any elementg in a grid Γ there is a set of “neighbors.” Such neighbors are generally

determined by a symmetric binary relationship (oradjacency) on Γ [51]. We define two

adjacencies (symmetric binary relationships)ω andϖ onG∆ (and hence onF∆) by:

(
c,d

) ∈ ω⇔ |c−d|= ∆ (4.3)

and

(
c,d

) ∈ ϖ⇔ ∆≤
∣∣c−d

∣∣≤
√

2∆ (4.4)

The grid points inG∆ can be bothω-adjacent andϖ-adjacent. When two grid points in

G∆ areω-adjacent then their associated cubic voxels share a face, when two points inG∆

areϖ-adjacent then the associated voxels can share either a face or an edge. In fact, just as

we can identify a cubic voxel with ac∈G∆, we can also identify the six faces of this voxel
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by the six possible ordered pairs
(
c,d

) ∈ω and the twelve edges of the voxel by the twelve

possible ordered pairs
(
c,d

) ∈ ϖ−ω.

Two grid points ofF∆ cannot possibly beω-adjacent; see (3.5) and (4.3). They may

beϖ-adjacent; in which case the associated rhombic dodecahedral voxels share a face, see

Fig. 4.4(c). The twelve faces of the rhombic dodecahedral voxelc∈ F∆ can be identified

by the twelve possible ordered pairs
(
c,d

) ∈ ϖ = ϖ−ω (since, forF∆, ω is empty). Thus,

the center of an edge of a cubic voxelc which is inF∆ (i.e., a position in theG∆ matching

(a) (b)

(c)

Fig.4.6:The cubic and rhombic dodecahedral voxels, identified by a pointc in F∆. (a) The
edge

(
c,d

)
of the cubic voxel is a diagonal of the face

(
c,d

)
of the rhombic dodecahedral

voxel. (b) The face(c,e) of a cubic voxel is produced when the two voxelsc ande in G∆
areω-adjacent. (c) The face

(
c,d

)
of a rhombic dodecahedral voxel is produced when the

two voxelsc andd in G∆ are(ϖ−ω)-adjacent.
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a valid position in theF∆) corresponds to the center of a face of the rhombic dodecahedral

voxelc; see Fig.4.6.

4.3.3 Definition of Boundaries

We first define connectivity of bels (and, consequently, the notion of a boundary) for cubic

voxels. The notion of a boundary for rhombic dodecahedral voxels will be derived from

that for cubic voxels.

On each face
(
c,d

)
of a voxelc, we superimpose two directions, as indicated in Fig.

4.7 (these directions depend only on the orientationd−c of the face). The directions may

be represented by two vectorsa1 anda2 in G∆, which have the properties that they are both

ω-adjacent to0 and are perpendicular tod−c and to each other. If
(
c,d

)
is a bel in a 3D

binary image onG∆ (which implies thatc is a 1-voxel,d is a 0-voxel and
(
c,d

) ∈ ω), then

Fig.4.7:Superimposition of directions on voxel faces.
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(a) (b)

(c)

Fig.4.8: Definition of bel-adjacencies for cubic voxels. (The light faces are bel-adjacent
from the dark faces.)

ai gives rise to a bel
(
ci ,di

)
bel-adjacent fromit, defined as follows (consult Fig.4.8). If

d+ai is 1-voxel (case (c) in Fig.4.8), thenci = d+ai anddi = d. If d+ai is a 0-voxel and

c+ai is a 1-voxel (case (b) in Fig.4.8), thenci = c+ai anddi = d+ai . If both d+ai and

c+ai are 0-voxels (case (a) in Fig.4.8), thenci = c anddi = c+ai .

In any 3D binary image over the gridG∆, we say that a belb
′
is connected froma bel

b, if there exists a sequence
〈

b
(0)

,b
(1)

, · · · ,b(K)
〉

of bels, such thatb
(0) = b, b

(K) = b
′
and,

for 1≤ k≤ K, b
(k)

is bel-adjacent fromb
(k−1)

. It has been shown in [56] that connectivity

of bels is an equivalence relation and hence partitions the set of all bels into components;
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each of these components is defined to be aboundary. Hence, given any bel, the unique

boundary containing it is the set of all bels connected from it.

Consider now a binary image overF∆. In the derived binary image overG∆ (refer to

Fig. 4.8):

1. case (b) cannot arise;

2. in case (c), the rhombic dodecahedral face
(
c,d+ai

)
is not a bel, since bothc andd+ai

are 1-voxels;

3. in case (a),
(
c,d+ai

)
is a bel of the binary image overF∆.

This leads to the following definition of boundaries in binary images overF∆. Every

boundaryLG in the derived binary image overG∆ gives rise to a boundaryLF in the binary

image overF∆ : LF is defined as the collection of all bels
(
c,d+ai

)
for which

(
c,d

)
and

(c,c+ai) are in LG. It can be shown that the boundaries defined in this way are also

components of bels under an appropriate definition of bel-adjacency for thefccgrid [51].

4.3.4 A Boundary Tracking Algorithm

A boundary-tracking algorithm for 3D binary images on the cubic grid was proposed in

[5]. Given an arbitrary bel
(
c0,d0

)
of the binary image, this algorithm outputs the listL of

all bels in the boundary that contains
(
c0,d0

)
. It does this by iteratively determining the

bels which are bel-adjacent from those already known to be inL, using theai in Fig. 4.8,
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and the definition of Fig.4.7. The mathematical properties of this algorithm are analyzed

in [56] and its computational behavior is discussed in [33]. Essential in the algorithm is the

use of an auxiliary setM of the once visited bels, which greatly simplifies the prevention

of retracking already tracked parts of the boundary. Due to the relationship discussed in

the last section, the algorithm can be modified so that it is capable of dealing with both

the cubic grid and the rhombic dodecahedral grid (see Algorithm4.1). The output of the

algorithm can also be characterized (both in theG∆ and in theF∆ grids) as the set of bels

between elements of that connected (in some appropriate sense) component of the 1-voxels

which containsc0 and elements of that connected (in some appropriate sense) component

of the 0-voxels which containsd0 [51].

4.4 Experiments

We illustrate the output of our algorithm on data from electron microscopy from the DnaB-

·DnaC and the bacteriorhodopsin. Both the DnaB·DnaC and the bR were reconstructed

using ART with the set
{

p j
}

arranged onB 1√
2

and blob parametersa = 2.40 and α =

13.36. In the first instance we evaluated the density function using (2.28) at points ofF1.68.

However, for display purposes it seemed better to increase the sampling resolution, see

Fig. 4.9. Therefore, to create images more similar to those in Fig.3.10we discretized the

density function at points ofG0.25 andF0.42. This way we made the area of the faces in

the two data sets the same; thus, providing a reasonable way of comparing the outputs of
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Algorithm 4.1 Algorithm to track boundaries in both the cubic and the rhombic dodecahe-
dral grid.

1. Insert two copies of
(
c0,d0

)
into M.

2. If using Cubic Grid, then output
(
c0,d0

)
into L.

3. Queue
(
c0,d0

)
in X.

4. While X is not empty do:

(a) Remove a
(
c,d

)
from X.

(b) Find the bels
(
c1,d1

)
and

(
c2,d2

)
which are bel-adjacent from

(
c,d

)
.

(c) For i=1,2 do:

Boundary
if in
F∆ −→

If using Rhombic Dodecahedral Grid andci = c, then output
(
c,d+ai

)
into

L.

If
(
ci ,di

)
is in M:

Then remove
(
ci ,di

)
from M.

Else:

Boundary
if in
G∆ −→

If using Cubic Grid, then output
(
ci,di

)
into L.

Queue
(
ci ,di

)
in X.

Insert
(
ci ,di

)
into M.

End else.
End if.

End for.
End while.

the algorithm on the two different kinds of grid. In order to create the binary data sets we

use the same threshold used for those images in Fig.4.3 assigning 1 to those grid points

which correspond to the macromolecular complexes and 0 to all other grid points. Then
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(a)

Fig.4.9: Three-dimensional display of the DnaB·DnaC approximated as a collection of
rhombic faces from rhombic dodecahedral voxels at points ofF1.68.

we applied our algorithm to detect the boundary of the digital approximations (in the two

spaces) of the macromolecular complexes. The resulting surfaces are displayed in Fig.4.10

and Fig.4.11.

The first thing to note about these figures is that (even though the same set of TEM

slices, the same threshold, and the same area for the faces were used to produce the sur-

faces) the number of faces in the digital approximation on the cubic grid is approximately

a third more than the number of faces in the digital approximation based on the rhombic

dodecahedral grid. This is because the larger number of orientations of the rhombic do-

decahedral faces allows us to fit the underlying biological surface more tightly. This also

has a consequence on computational costs: the time required by the algorithm to detect
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(a) (b)

Fig.4.10:Three-dimensional display of the DnaB·DnaC (reconstructed by ART using the
same parameters as in Fig.3.10(b)) approximated as (a) a collection of 82,310 faces of
cubic voxels at points ofG0.25 and (b) a collection of 63,769 faces of rhombic dodecahedral
voxels at points ofF0.42. These images were created with the same threshold value used in
Fig. 4.3(a).

the surfaces displayed in Figures4.10(b) and4.11(b) is less than the time required by the

same algorithm to detect the surfaces displayed in Figures4.10(a) and4.11(a). The time

required to produce the computer graphic display of the already detected surface was ap-

proximately one and a half times longer when using the cubic grid than when using the

rhombic dodecahedral grid.

In displaying the surfaces we have chosen a rendering methodology which does not

hide the digital nature of the surfaces in question. We have done this so that the reader

can observe the appearance of the digital surfaces themselves (from the same data one can

produce much smoother appearing surfaces). A great advantage of this approach is that
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(a) (b)

Fig.4.11:Three-dimensional display of the bR (reconstructed by ART using the same pa-
rameters as in Fig.3.10(b)) approximated as (a) a collection of 82,310 faces of cubic voxels
at points ofG0.25 and (b) a collection of 63,769 faces of rhombic dodecahedral voxels at
points of F0.42. These images were created with the same threshold value used in Fig.
4.3(b).

once the voxelized density functions have been created, the most expensive part of the

operation in our experience (for these sets the maximum time was 120 s), the boundary

tracking algorithm and the rendering operate rapidly: the boundary tracking took at most

1.3 s using the same computer as reported in the previous section and the time to render the

result is a fraction of a second; thus, allowing us to rotate the boundary in real time.

The time necessary to produce a high quality image by the raycasting-blobs algorithm

described in Section3.3 is considerable (except for very simple objects) as reported in

Section3.5. We have introduced a preprocessing stage to our original implementation of

the raycasting-blobs method that reduces the image-rendering time by reducing the space
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of search in two ways: a) by selecting a small number of coefficients (which contribute to

the formation of the object of interest) and b) by providing a good estimate of where the

surface is located for every ray. This improvement has resulted in more practical timings

while preserving the quality of the generated images. Yet, the new implementation does

not allow for real time interaction.

As part of our research we have developed a method that approximates a surface by

using identical rhombi (which are the faces of the rhombic dodecahedral voxels) instead

of squares (the faces of the common cubic voxel). This algorithm requires discretizing

the density function at fewer grid points than those necessary for the simple cubic grid

for the same image quality. The method also takes advantage of algorithms developed

previously for the simple cubic grid. Finally, our algorithm allows for real time interaction

and produces images of similar quality to those produced with OpenDXTM but requires

less resources and time than OpenDX to create the approximation to a surface.

The two algorithms presented in this chapter provide two tools that produce three-

dimensional displays in practical times. In experiments, we have seen that the raycasting-

blobs method offers slightly better visual results. However, we do not, at this stage, rec-

ommend either of them as the method of choice for 3D display. That would require further

studies measuring quality, accuracy and speed of these methods in comparison with other

state of the art methods, such as shell rendering [41, 117].



Chapter 5

EXTRACTION OF SUBUNITS FROM DENSITY FUNCTIONS

As mentioned in Section2.1, biological macromolecules very frequently present some kind

of symmetry and the localization of all the subunits forming a polymer is of great impor-

tance for the understanding of the conformational changes a macromolecule can experi-

ence. We have already presented, in the same section, methods used to minimize damage

to biological macromolecules by considering the presence of several copies of the same ma-

cromolecule in a preparation. The symmetry of macromolecules is also made use of during

the process of reconstruction, see [74]. However, on many occasions the density func-

tions (produced by reconstruction algorithms) of macromolecules show repetitive subunits

(presumably forming a single polypeptide chain) that are not perfectly distinguishable, see

Fig. 3.11. In this chapter we propose that the existence of such repetitive subunits can be

utilized to improve the presentation of the macromolecule after the reconstruction process.

87
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5.1 Identification of Classes of Subunits and Their Alignment

The basic idea of our approach comes from previous work to extract characters in a dig-

itized document written in a language whose characters are not knowna priori [44]. In

such an approach the individual digitized characters in the document are first identified by

thresholding. In order to improve the quality of the characters, an alphabet of the characters

in the document is created by grouping the characters into classes. A model for every class

is created by averaging all the characters composing a single class. Finally, every character

in a class is replaced in the document by its model.

We propose a similar approach in which we identify subunits of unknown shape that

will be grouped into different classes. The number of classes into which the subunits are

grouped should match the number of different basic subunits that form the macromolecule.

The subunits grouped into a particular class can be used to obtain a model of the ideal sub-

unit of that class by averaging its elements. Thereafter, the model can be utilized to replace

the subunits of the corresponding class. We conjecture that this averaging process increases

the quality of the representation of the subunits and, consequently, of the macromolecule.

An important difference between our approach and that presented in [44] is that in our

application the possible subunits that belong to a class differ in their location and their ori-

entation whereas the characters in a document differ only in their location; this introduces

another level of complexity to our problem. On the other hand, in our problem we have ac-

cess to accurate information regarding the mass of the macromolecular complex (by means
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of biochemical studies) and to the possible number of subunits (by means of techniques

such as crystallography).

5.1.1 Segmentation

It is known that segmenting a volume by thresholding is often not the best approach, be-

cause the structural components in a volume can overlap in their density values and there-

fore they are not uniquely defined by ranges of such values [71, 92, 93, 115, 119]. There

are alternative approaches to segmenting a volume, namely physics-based methods, ar-

tificial intelligence, statistical-probabilistic methods, region growing methods, and meth-

ods based on fuzzy set theory [45, 92]. In this work we will use a technique based on

fuzzy set theory [7, 12, 102, 128]. The reason for this selection is that there is a wealth of

successful experience using these techniques acquired in the medical imaging community

[15, 22, 34, 60, 90, 93, 105, 118, 116, 119, 120] and in our group [20, 21, 52]. In particular,

in [20] we have used this approach onfccgrids to produce good segmentations from noisy

reconstructed distributions produced by PET.

5.1.2 Fuzzy Segmentation

Rosenfeld [102] suggested the application of fuzzy concepts to the field of image process-

ing. However, the introduction of fuzzy connectedness and of fuzzy affinity were first

introduced by Udupa and Samarasekera [119]. Our approach (introduced in [52]) is based

on the theory presented in [119], but is generalized to arbitrary digital spaces [51]. In this
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work adigital spacewill be defined as a set of voxels, some pairs of which are identified as

beingadjacent. Segmentation approaches using concepts of fuzzy set theory (for the sake

of simplicity we will refer to them asfuzzy segmentation) assign to each voxel and each

object, a grade of membership of that voxel in that object, and this grade can be between 0

(nonmembership) and 1 (full membership) [12, 93, 119, 128].

In the fuzzy connectedness context we define achainas a sequence of voxels and the

links of the chain as the pairs of consecutive voxels in the sequence. In our approach, the

strengthof a link is set to zero for not adjacent voxels and it is automatically determined

according to statistical properties of pairs of adjacent voxels in a set of seeds (voxels se-

lected by the user as being inside the object of interest). We set the strength of a chain to

be the strength of its weakest link. Thefuzzy connectednessbetween any pair of voxels

is the strength of the strongest chain between them [103, 119]. In our implementation of

multiseeded segmentation we generalize this approach by allowing each object to have its

own definition of strength for the links and its own set of seed voxels. Roughly, each object

is defined as the set of voxels that are connected in a stronger way to one of the seeds of

that object than to any of the seeds of the other objects. A more precise definition (from

[52]) is given below.

The computationally most expensive task in determining the objects based on the seeds

is the calculation of the multiple fuzzy connectedness of all the voxels to the seed voxels by

means of finding the strongest chain between a voxel and one or more seed voxels. For this
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task a greedy algorithm, presented in [52], is used to efficiently create the segmentation of

a discretized density functionυ. It is worth noticing that in the literature dynamic program-

ming approaches have been successfully used [89, 103, 104, 106, 118, 119] , but in [21]

it was shown that greedy algorithms have a superior performance. Now we make a brief

formal introduction of the fuzzy segmentation algorithm and of some concepts necessary

to understand it.

While the general theory allows us to deal with an arbitrary number of objects, in our

application there are only two objects: the macromolecule and its background. Hence in

the discussion that follows, we replace the arbitrary positive integerM of [52] by the fixed

integer 2.

A 2-semisegmentationof a setV of voxels is a functionσ which maps eachc∈V into

an 3-dimensional vectorσc = (σc
0,σ

c
1,σ

c
2), such thatσc

0 ∈ [0,1] (i.e., it is nonnegative but

not greater than 1) and for at least onem, in the range1≤m≤ 2, σc
m = σc

0 and for the other

m it is either 0 orσc
0. We say thatσ is a 2-segmentation if, for every voxelc, σc

0 is positive.

A fuzzy voxel affinityonV is a functionψ : V2→ [0,1]. We callψ
(
c,d

)
theψ-strength

of
(
c,d

)
. In this work we make fuzzy voxel affinity a “local” concept by insisting that

ψ
(
c,d

)
= 0 if c andd are not adjacent.

There are no restrictions on the definition of fuzzy voxel affinity for adjacent voxels

and, therefore, the function can be defined based on the problem at hand. In the literature

there are examples of different definitions ofψ, see; e.g., [106, 119, 120]. Nevertheless, it
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is common to use an affinity functionψ for adjacent grid pointsc andd of the general form

[21, 51, 52, 119]:

ψ
(
c,d

)
= g1

(
υ(c)+υ

(
d
))

+g2
(∣∣υ(c)−υ

(
d
)∣∣) . (5.1)

Typical choices for thegi (i ∈ {1,2}) are

gi(x) =
1
2

e
− (x−mi )

2

2ς2
i , (5.2)

wherem1 andς1 are assumed to be the mean and standard deviation of the sumυ(c)+υ(d)

over all adjacent grid points pairs
(
c,d

)
in the set of seeds andm2 and ς2 are, in turn,

assumed to be the mean and standard deviation of|υ(c)−υ(d)| over all seed voxel pairs

(
c,d

)
. However, the definition ofgi is not restricted to a Gaussian function, other functions

also lead to legitimate affinity functions and might be computationally less expensive. One

example is [120]

gi(x) =





1
2
− |x−mi |

6ςi
, if |x−mi | ≤ 3ςi ,

0, otherwise.

(5.3)

Thus, we can select a different function, such as a linear function, that permits simpler

and faster computations. Nevertheless, it is our experience that the form in (5.2) produces

“good” results at affordable speeds.
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We define achain in U(⊆ V) from c(0) to c(K) to be a sequence
〈

c(0), · · · ,c(K)
〉

of

voxels inU . Such a chain has aψ-strength given by theψ-strength of its weakest link
(

c(k−1),c(k)
)

, 1≤ k≤ K. (In caseK = 0, theψ-strength is defined to be 1.) We say that

U is ψ-connectedif for every pair of distinct voxels inU there is a chain inU of positive

ψ-strength fromc(k−1) to c(k).

If there are multiple objects to be segmented, it is reasonable that each should have

its own fuzzy voxel affinity, which leads to the following. A 2-fuzzy graphis a pair

(V, Ψ), whereV is a nonempty finite set of voxels andΨ = (ψ1,ψ2) and ψm (for 1 ≤

m≤ 2) is a fuzzy voxel affinity such thatV is ( min
1≤m≤2

ψm)-connected. (This is defined by
(

min
1≤m≤2

ψm

)(
c,d

)
= min

1≤m≤2
ψm

(
c,d

)
.) For a 2-semisegmentationσ of V and for1≤m≤

2, the chain
〈

c(0), · · · ,c(K)
〉

is said to be aσm-chain if σc(k)
m > 0, for 0≤ k≤ K. Further,

for U ⊆ V, W ⊆ V andc∈ V, we useµσ,m,U,W (c) to denote the maximalψ-strength of a

σm-chain inU from a voxel inW to c. (This is equal to 0 if there is no such a chain.)

The feasibility of creating a unique segmentation by using the concepts introduced

above is given by the following theorem from [52].

Theorem 5.1 If (V,Ψ) is a 2-fuzzy graph and, for1 ≤ m≤ 2, Om is a subset (ofseed

voxels) ofV such that at least one of these subsets is nonempty, then there exists a unique 2-

semisegmentation (which is, in fact, an 2-segmentation)σ ofV with the following property.
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For everyc∈V, if for 1≤ n≤ 2

sc
n =





1, if c∈On,

max
d∈V

(min(µσ,n,V,On

(
d
)
,ψn

(
d,c

)
)), otherwise,

(5.4)

then for1≤m≤ 2

σc
m =





sc
m, if sc

m≥ sc
n for 1≤ n≤ 2,

0, otherwise.

(5.5)

In [52] a greedy algorithm is provided that receives as input two sets of voxels (Om, for

1≤m≤ 2) and updates, during its execution, the current 2-semisegmentationσ; producing,

at the end, a 2-semisegmentation that satisfies the property of the Theorem5.1. Below we

reproduce such an algorithm for sake of completeness, for a detailed explanation of the

performance of the algorithm we refer to [20, 52].

An intuitive picture of the algorithm is the following. There are two competing armies

(one corresponding to each object). Initially they both have full strength and they occupy

their respective seed voxels. Both armies try to increase their respective territories, but the

moving from a voxel to another one reduces the strength of the soldiers to be the minimum

of their strength on the previous voxel and the affinity (for that army or object) between the

voxels. At any given time, a voxel will be occupied by the soldiers of the armies which were

not weaker than any other soldiers who reached that voxel by that time. Eventually a steady
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Algorithm 5.1 Multiseeded segmentation algorithm.

1. for c∈V
2. do for m← 0 to 2
3. do σc

m← 0
4. H ← /0
5. for m← 1 to 2
6. do for c∈Om
7. do if σc

0= 0 then H ← H ∪{c}
8. σ~c

0← σ~c
m← 1

9. l ← 1
10. while l > 0
11. for m← 1 to 2
12. do while Om 6= /0
13. do remove a voxeld from Om
14. C← {

c∈V | σc
m < min

(
l ,ψm

(
d,c

))}
15. while C 6= /0
16. do remove a voxelc from C
17. t ←min

(
l ,ψm

(
d,c

))
18. if l = t and σc

m < l then Om←Om∪{c}
19. if σc

0 < t then
20. if σc

0 = 0 then H ← H ∪{c}
21. for n← 1 to 2
22. do σc

n← 0
23. if σc

0≤ t then σc
0← σc

m← t
24. while Maximum-Key(H) = l
25. Remove-Max(H)
26. l ←Maximum-Key(H)
27. for m← 1 to 2
28. Om←

{
c∈ H|σc

m = l
}

state is reached; this steady state satisfies the property of the Theorem5.1. The sequential

algorithm simulates this intuitively described parallel behavior of the two armies.

In our approach we use thefcc grid for the algorithm just presented assuming that the

two classes in the reconstructed density functionυ represent macromolecule and back-

ground, respectively. Consequently, we need to select seeds for just these two classes. In

order to use our approach to identify the subunits of a macromolecule, we assume that we
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can identify a number of points such that each subunit contains exactly one of these identi-

fied points. We base this on visual observation of Fig.3.11, where a point in each subunit

can be selected in spite of the components not being sharply defined. We have assumed

that the higher values in the reconstructed density function certainly belong to the voxels

in the macromolecule while those with the lowest values belong to the background. Under

this assumption, we have created a program to automatically select these points. To select

the seeds for the macromolecule class, the program applies a low-pass filter. After this

operation the minimum, maximum and mean values of the smoothed density function are

computed. In order to find the seeds for the macromolecule object the smoothed density

function is thresholded to a value between the mean value and the maximum (the threshold

value can be adjusted by the user). The result is then eroded in order to separate it into

subunits. The erosion is performed iteratively until a single voxel is left in every subunit

(in case more than one voxel is left in an iteration before eroding all the voxels in a subunit

an arbitrary voxel is chosen). The seeds for the background class are selected in a similar

fashion as for the macromolecular class, but with some appropriate adjustments: a) the

threshold value is chosen between the mean and the minimum and b) an inverted threshold

is performed. We have also implemented a program that allows the user the interactive

selection of seed voxels and the modification of a set of seeds already created.

The algorithm described above works on a general setV of voxels. In our application we

setV to be a subset of thefccgrid because of the suitability of this grid for image processing
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(e.g.,ϖ-neighbors are at an equal distance and fewer voxels are needed to obtain the same

resolution as compared to the simple cubic grid).

For every seed voxelo selected by the method described above, there are twelveϖ-

adjacent voxelsd, each of which provides a pair
(
o,d

)
. Because of the adjacency between

voxels inF∆, some pairs of the twelve neighbors ofo are also adjacent to each other. This

provides 24 more pairs
(
c,d

)
. Thus, each pointo provides 36 pairs

(
c,d

)
. All these points

are used in the calculations of themi andζi in (5.2) for 1≤ i ≤ 2.

We represent the true number of subunits in the macromolecule byN and its true vol-

ume byV . (We assume that both of these values are available to us by some alternative

technique.) After creating the 2-segmentationσ we obtain the setsKt =
{

c | σc
1 > t

}
. Let

beNt denote the number ofϖ-components (maximalϖ-connected subsets) inKt andVt be

the sum of the volumes of the voxels inKt . We select the thresholdt based on two criteria

thatNt = N and that
∣∣V −Vt

∣∣ is minimal.

5.1.3 Registration Methods

Let theϖ-components ofKt be denoted byκi , 1≤ i ≤ N. Before comparing the subunits

κi with each other, it is necessary to bring them together or align them. For this operation

we treat theκis as rigid objects. (If, as expected, the specimen has been carefully prepared

to reflect the three-dimensional configuration of a macromolecular complex at the moment

of micrograph acquisition, see Section2.5, then the shapes of theκis reflect the shapes of
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the biological subunits.) Therefore, we assume that two subunits belonging to a class differ

only by translation and rotation. Based on these facts, we consider rigid motion approaches

to align (also referred to as register) theκis [18, 72, 121].

Principal Axes Method

We consider the Principal Axes Transformation (PAT) method to align two subunitsκi and

κ j with i 6= j. This is a well-known and commonly used method in the image processing

field [2, 4, 25, 28]. The idea behind this method comes from classical mechanics [37];

a rigid body in space only needs six independent generalized coordinates to specify its

position. Chasles’ Theorem [37] in mechanics states that it is always possible to represent

any general displacement of a rigid body by a translation plus a rotation. Furthermore, it

is possible to split the problem of rigid body motion into two separate phases, one solely

concerned with the translation of the body and the other with its rotation.

The position of a rigid body is completely specified by locating a Cartesian set of coor-

dinates fixed in the rigid body (primed axes) relative to the coordinate axes of the external

space (global axes). Three of the values are needed to specify the coordinates of the origin

of the primed axes. Three more values specify the orientation of the primed axes relative

to a coordinate system parallel to the global axes, but with the same origin as the primed

axes.

It is common practice to set the body’s center of mass as the origin of the primed axes.
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We define the center of mass of the subunitκi as

ηκi =
1
|κi | ∑

c∈κi

c, (5.6)

where|κi | is the number of voxels inκi . To define the primed axes of the subunitκi we

make use of thematrix of inertiaA i associated with theκi :

A i =




∑
c∈κi

(
c2

2 +c2
3

) − ∑
c∈κi

c1c2 − ∑
c∈κi

c1c3

− ∑
c∈κi

c2c1 ∑
c∈κi

(
c2

1 +c2
3

) − ∑
c∈κi

c2c3

− ∑
c∈κi

c3c1 − ∑
c∈κi

c3c2 ∑
c∈κi

(
c2

1 +c2
2

)




. (5.7)

The eigenvectors of the matrixA i define a set of Cartesian axes, called theprincipal axes.

These Cartesian axes are chosen to be the primed axes and they can be represented bye1, e2

ande3, the unit-length eigenvectors ofA i . Because the matrixA i is symmetric with all its

elements being real numbers the eigenvalues are real. If the eigenvalues are different, then

the eigenvectors form a unique set of three mutually orthogonal vectors. However, when

two eigenvalues coincide then there is an overabundance of eigenvectors and this method

fails to assign a unique set of primed axes to the subunit.

Generally, if two subunits differ only by rotation and translation, then they can be

aligned by bringing together their centers of mass and then aligning their principal axes.

The speed of this method and the ease of its implementation made it popular. A limitation
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of it [108] is that when two objects are not identical (e.g., if there was a deformation in

either of them), then PAT provides only an approximate alignment. This is an important

issue to consider because noise or artifacts contaminate the reconstructed density function

υ, resulting in slight differences in the repeated appearance of a particular subunit.

Iterative Closest Point

Anticipating the limitations of the PAT technique we decided to follow it up by a method

to provide finer alignment of the subunits. We selected the Iterative Closest Point (ICP or

point matching algorithm) for this task, a widely used method in the computer graphics and

pattern recognition fields [11, 13, 94, 113, 127]. The ICP algorithm aligns a setκ j to a ref-

erence setκi by iteratively finding the closest points betweenκ j andκi and then computing

the rigid body transformation to align the closest points to the setκi until convergence, or

a margin of acceptable error, is met. The algorithm receives as input the two sets of points

κ j andκi in R3 and the output is a rotation matrixR, a translation vectort and a real value

h such thatRκ j + t matchesκi by h. (All these terms and notation are clarified below.)

The algorithm is initialized by roughly matching the setsκ j andκi . In our application we

initialize the algorithm by aligningκ j andκi by PAT.

Below we present the ICP algorithm just after initialization followed by an explanation

of its several steps. The rotation matrixR and translation vectort used in step 1 are the

ones provided by PAT.
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Algorithm 5.2 Iterative Closest Point algorithm.

1. κ′j ← Rκ j + t

2. While
∣∣∣H

(
κ′j ,κi

)
−h

∣∣∣ > ε do

3. h← H
(

κ′j ,κi

)

4. Y←C
(

κ′j ,κi

)

5. V ← VY
6. M ←MV
7. ~q← Ξ(M)
8. R← R~q
9. t ← ηY−R~qµY

10. κ′j ← R~qκ′j + t
11. end-do

It is clear that we need to have a measure of similarity when comparing the alignment

of two subunitsκi and κ j as well as when deciding whether the two belong to a given

class. For this comparison we use the Hausdorff measure. The Hausdorff measure has

become a standard distance in image processing [15, 43, 59]. Consequently, we consider

the Hausdorff distance to compare the subunitsκ′j andκi .

The Hausdorff distance for two setsκi andκ′j is defined by [59]:

H
(
κi ,κ′j

)
= max

(
h
(
κi ,κ′j

)
,h

(
κ′j ,κi

))
, (5.8)

whereh
(

κ′j ,κi

)
is the non-symmetric directed Hausdorff distance fromκ′j to κi defined by

h
(
κ′j ,κi

)
= max

c∈κ′j
min
d∈κi

∣∣c−d
∣∣ . (5.9)
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Intuitively, the functionh
(

κ′j ,κi

)
describes the amount of mismatch between the aligned

subunitκ′j and the subunitκi by finding the greatest distance between a grid point inκ′j and

a grid point inκi .

In [44] similar characters in a document are considered to be slightly misaligned only

by translation, those with a greater misalignment are considered not to be of the same class.

In our experiments we found that we can consider two subunitsκi andκ j as being in the

same class wheneverH
(

κi ,κ′j
)

< 2.5.

Let κ be a collection of points inR3. We useγκ to denote a function fromR3 into κ

which has the property that for any pointc∈ R3,

|c− γκ (c)| ≤
∣∣c−d

∣∣ , for anyd ∈ κ. (5.10)

For two sets of pointsκ′j andκi in R3 we define

C
(
κ′j ,κi

)
=

{
(c,γκ (c)) | c∈ κ′j

}
(5.11)

to be the set of closest points between the setsκ′j andκi .

Let Y be a set of elements ofR3×R3. Then, we create the cross-covariance matrixVY
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between elements ofY by

VY = ∑
(c,d)∈Y

(c−µY)
(
d−ηY

)T
, (5.12)

whereµY = 1
|Y| ∑

(c,d)∈Y

c andηY = 1
|Y| ∑

(c,d)∈Y

d.

Given a3×3 matrix V, the symmetric4×4 matrix MV is defined as

MV =




Tr(V) V2,3−V3,2 V3,1−V1,3 V1,2−V2,1

V2,3−V3,2 2V1,1−Tr(V) V1,2 +V2,1 V1,3 +V3,1

V3,1−V1,3 V1,2 +V2,1 2V2,2−Tr(V) V2,3 +V3,2

V1,2−V2,1 V1,3 +V3,1 V2,3 +V3,2 2V3,3−Tr(V)




. (5.13)

Given a4×4 symmetric matrixM we defineΞ(M) to be a unit length eigenvector associ-

ated with a largest eigenvalue of the matrixM .

Given a vector~q∈ S3, we define the3×3 matrix R~q as

R~q =




q2
1 +q2

2−q2
3−q2

4 2(q2q3−q1q4) 2(q2q4 +q1q3)

2(q2q3 +q1q4) q2
1−q2

2 +q2
3−q2

4 2(q3q4−q1q2)

2(q2q4−q1q3) 2(q3q4 +q1q2) q2
1−q2

2−q2
3 +q2

4




. (5.14)

It is easy to see that the matrixR~q is a orthonormal matrix (i.e.,R~qRT
~q = I ) with

detR~q = 1. An orthonormal matrix is the realization of an orthonormal transformation,
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which is either a rigid rotation or a rotoinversion (rotation followed by a flip). (the matrix

A associated with an orthonormal transformationT has a determinant equal to 1 whenT is

a rigid rotation and equal to -1 whenT is a rotoinversion.)

It is easy to verify that the rotation matrixR that aligns two pointsc and d, whose

magnitude is the same, is such that it maximizes
〈
c,Rd

〉
. This is the idea behind the ICP

algorithm, finding the rotation matrixR that maximizes the sum

∑
(c,d)∈Y

〈
c,Rd

〉
. (5.15)

It has been shown in [58] that the rotation matrixR that maximizes (5.15) is precisely

Rq. Clearly, before computing the rotation matrix, it is necessary to find the corresponding

points between the two sets to be aligned. The algorithm uses (5.11) to determine the

corresponding points in the two sets, by means of the Euclidean distance. It is clear that

the operation in (5.11) is important for the outcome of the algorithm. In fact, one of the

weaknesses of the algorithm is its dependency on the initial approximation of the two sets

to be aligned.

The ICP algorithm is known to produce acceptable results as long as a good initial

estimate is provided. It is also known to be suited for parallel architecture, to be stable,

to be robust even for special cases, and it does not require any local feature extraction.

The fact that we need a good estimate to start the alignment of the two sets is only one

of the problems with the method, another important problem is the intensive computation
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involved in the stepY←C(κ′j ,κi). However, we assume that the PAT method can provide

a good enough first estimate so that the ICP algorithm can perform in an acceptable time.

This was indeed fond to be the case in the experiments on which we report below.

The algorithms proceeds to replace eachκi by

κi =
1
|Cl | ∑

κ j∈Cl

Ti j κ j , (5.16)

whereCl is thel th class of subunits,Ti, j is the transformation that aligns the subunitκ j to

the subunitκi .

In practice, the above operation requires of a careful implementation because after ap-

plying the transformationTi, j to a subunitκ j we obtain a set whose points are inR3; there-

fore, it is necessary to find the near valid points in the grid, a set that we refer to asκ′j . Also,

after alignment, it is necessary to obtain the density values of the transformed subunitκ′j in

the space occupied by the non-transformed subunitκ j (the inverse transformT−1
i, j that can

be easily computed). Again, the inverse transformation ofκ′j produces points inR3. It is

common to obtain the density values of the subunitκ′j by interpolation of the discretized

values corresponding toκ j . However, this operation introduces some extra error. In order

to avoid this error we obtain the values from the values of the linear combination of blobs.
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(a) (b)

Fig.5.1: Configuration of six subcomponents (ellipsoids) to form a simulated complex
macrostructure. The simulated complex macrostructure is formed from two different re-
peating units: Sf and St. We show in (a) a view perpendicular to the plane formed by the
six major axes of the subunits and in (b) a view almost parallel to such a plane, respectively.

5.2 Experiments

To test the method described above we decided to use two types of phantoms. The first is a

mathematical phantom based on a biological macromolecule. The second uses a model of

a macromolecule whose structure is well known.

For the mathematical phantom approach we use phantoms that represent structures

formed by putting together six subunits. This type of configuration is based on the torus-

like proteins such as many of the DNA helicases, see [63, 107, 124]. In our phantoms,

there are two types of repeating units in the shape of ellipsoids that we refer to as Sf and

St. An ellipsoid is analytically described by three radii that we denote byra, rs and rc,

chosen so thatra > rs > rc. The ra for the ellipsoid Sf is 16% larger than thera for St
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and the other two radii of St are decreased in the same proportion as compared to those in

Sf in such a way that St and Sf end up having the same volume. We construct a phantom

by forming a plane containing the major axes of the six ellipsoids. The major axes (with

radii ra) intersect in a common point (the origin of the phantom) with a separation of60◦

between consecutive axes. For each of the six axes, the assignment of the subunit Sf and St

is randomly done. Furthermore, the axis with radiusrs of every ellipsoid can be either par-

allel or perpendicular to the specimen plane, an orientation that is also randomly assigned.

We show an example of such an phantom in Fig.5.1.

Important issues to decide are the values of the radiira, rs andrc, and the separation of

the ellipsoids from the center of the phantom. Clearly, these will influence the performance

of the algorithms. We adjusted the parameters to an appropriate value by running a prelim-

inary experiment such that the current method succeeds in distinguishing the subunits in

50% of the cases.

In the second experiment we used the atomic model of the bacteriorhodopsin. The

justification for using this protein is that its structure is well-known and that its atomic

structure is available from the protein data bank, see AppendixB.

For both experiments we created projections simulating the random conical tilt scheme

for data collection. We used the same uncertainty for the collection angles as we used in

Section4.2. Additionally, we used the same level of noise as used in that section to corrupt

the projections. After obtaining the projections, we reconstructed the density distribution
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i ii
(a)

i ii
(b)

Fig.5.2:Sequences of images showing the central slices for (i) a discretized reconstructed
density function and (ii ) segmentation using the fuzzy segmentation described in Section
5.1.2of the reconstructed density function. For the fuzzy segmentation results, the hue
indicates the object to which the voxel belongs (i.e., them such thatσc

m = σc
0 > 0), in

(ii ) the red is for the macromolecule and the green is for the background. The intensity
indicates the grade of membership (it is proportional toσc

0). We present results for (a) a
mathematical phantom and (b) the bacteriorhodopsin.

of the phantoms and the bacteriorhodopsin using ART with the parameters used in Section

3.4. A slice of thefccgrid can be visualized as a square array where every other position is

assigned with a value depending on the slice (see the definition of thefcc grid in (3.5) and

Fig. 3.3(c)). Therefore, for display purposes, we assigned values to points in the simple

cubic grid (see Fig.3.3(a)) in the following way. First, the values assigned to points in the

fcc grid are assigned to the same positions on the simple cubic grid. The other values in
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the simple cubic grid are the average of the six neighbors with distance∆. We show in Fig.

5.2(a) two images showing in (i) a central slice of the reconstructed density function for a

mathematical phantom and (ii ) a central slice of the segmented density function using the

fuzzy segmentation described above. For the display of the reconstructed density function

we use a gray scale proportional to the density values, with white representing the highest

value and black the lowest. For the fuzzy segmentation results, the hue indicates the object

to which the voxel belongs (i.e., them such thatσc
m = σc

0 > 0), in (ii ) we used red for

the macromolecule and green for the background. The intensity indicates the grade of

membership (i.e., it is proportional toσc
0). It can be seen that the fuzzy 2-segmentation

is good enough to separate the six subunits in the mathematical phantom and it is not

necessary to modify the threshold to preserve the volume, following our criteria presented

at the end of Section5.1.2. However, for the bacteriorhodopsin it is necessary to threshold

theσc
1 in order to achieve the separation into three subunits.

5.3 Results

For the mathematical phantoms we wanted to compare the accuracy of two methods for

extracting the subunits from a reconstructed density function: a) simple thresholding and

b) the method just described above. For each phantom, we define the inaccuracy to be the

number of misclassified voxels of such a phantom in a processed reconstruction and in the
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unprocessed phantom. We use the figure of merit (FOM) defined as

FOM =
No. voxels - No. misclassified voxels

No. voxels
. (5.17)

The level of statistical significance for rejecting the null-hypothesis that both methods

produce equally good results in favor of the hypothesis that the one with higher structural

accuracy is better is computed as follows. Letβk and εk be the inaccuracies of thekth

phantom as produced by the two methods, respectively. According to the null-hypothesis,

βk− εk is a sample of a zero-mean random variable. Then, for a largeK

K

∑
k=1

(βk− εk) (5.18)

is a sample of a normally distributed zero-mean random variable [82, 83]. We can consider

the variance of this variable to beK times that of the zero-mean random variable of which

βk− εk are samples for1≤ k≤ K. Hence, for large enoughK, it is reasonable to assume

that the null-hypothesis implies that (5.18) is a sample from normally distributed random

variable with mean zero and variance

K

∑
k=1

(βk− εk)
2. (5.19)

Therefore, we can use the normal distribution to calculate the significance of the null hy-
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(a) (b)

Fig.5.3:(a) Segmentation using simple thresholding based on the volume of the mathemat-
ical phantom and (b) result of finding subunits, creating models for them and substituting
the models in place of the subunits.

(a) (b) (c)

Fig.5.4: We show in (a) the separation of the bacteriorhodopsin’s segmentation into three
subunits by the subunit-averaging method. We show in (b) and (c) the result of the method
with different views.

pothesis [82, 83].

In Fig. 5.3(a) we show the result of thresholding the subunits of the mathematical

phantom based on their volume and in Fig.5.3(b) the result of aligning-averaging them,

respectively. We do the same in Fig.5.4(a) and (b), respectively, for the bacteriorhodopsin,

and in Fig.5.4(c) we show a different orientation of the result in (b).
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(a)

(b)

Fig.5.5: Inaccuracies of representations of density functions by (dotted line) thresholding
based on the volume of the density function and (continuous line) subunit-model approach.
We show in (a) the results after 40 experiments and in (b) after 160 experiments.
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In Fig. 5.5 we show the inaccuracies by the simple thresholding method (dotted line)

and the subunit-average method (continuous line). We show the results of 40 and 160

experiments in Fig.5.5(a) and Fig. 5.5(a), respectively. We can see that the behavior

of both methods are similar and in fact based on the statistical analysis we can reject the

null-hypothesis with a 0.2 and 0.11 confidence, respectively. These results suggest that our

method shows little advantage over the thresholding method for this phantom and for this

number of experiments. However, we could reject the null hypothesis with more confidence

as we carried out more experiments; something that suggests that the aligning-averaging

method in fact yields better results than simple thresholding. On the other hand, we hypoth-

esize that the insufficient level of confidence could be the result of, first, the high similarity

between the subunits. As we saw, the fuzzy segmentation separated the molecule into the

known number of subunits. A second source of difficulty in our algorithm is the alignment

process. The alignment process is carried out without any human supervision and it seems

necessary to make an evaluation of the reliability of the alignment achieved by PAT in com-

bination with the ICP method for objects that better resemble biological macromolecules.

Finally, it would be important to evaluate the similarity of the subunits generated by the

fuzzy segmentation as the posterior processes are highly dependent on this first step.

In the case of the bacteriorhodopsin, the algorithm was able to separate segmentation

of the bacteriorhodopsin into three subunits, see Fig.5.4(a). However, the three subunits

are below the volume of the “truth” for the bacteriorhodopsin (It can be seen that theα-
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(a) (b)

Fig.5.6: (a) Segmentation using simple thresholding based on the volume of the bacterio-
rhodopsin and (b) result of averaging the three subunits.

helices are greatly deteriorated). We show in Fig.5.4(b) Fig. 5.4(c) the result of the

subunit-averaging algorithm at different orientations; it is clear that the result is incorrect;

clearly, the alignment of the subunits is wrong. As we mentioned before, ICP requires of

a good estimate to produce acceptable results. From Fig.5.4(b) and (c) it is presumed

that the initial alignment by PAT is not performing well because the initial subunits are

basically two ellipsoids, which produces a non-unique set of eigenvectors for the minor

axes. In order to see whether averaging in fact improves the extraction of the density

function we thresholded the discretized density function with a threshold that preserved the

known volume of the protein and then found two rotations along the axis parallel to the

α-helices such that it was possible to average the three subunits. We did not find a great
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improvement, based on visual inspection, of averaging the three subunits in comparison to

non-averaging method. In this case, the resolution of the reconstruction does not allow to

separate the individualα-helices and the noise greatly corrupts the reconstruction (this is

demonstrated by the difficulty of segmenting the bacteriorhodopsin).



Chapter 6

CONCLUSIONS

In this chapter we present a summary of the motivations and accomplishments of the work

presented in the previous pages. After this presentation, we offer a discussion of issues that

could be addressed in the future.

6.1 Summary and Contributions

Advances in technology and in research have resulted in the collection of information re-

garding microscopic objects at high resolution by several technologies (e.g., NMR, crys-

tallography and electron microscopy). In particular, it has become possible to obtain in-

formation regarding proteins. The study of the three-dimensional structure of proteins is

important, as it is known that several of their functions are determined by shape (e.g., the

docking of antibodies to pathogens).

With the development of new computer algorithms, or their improvement, and the ad-

vance of computer technologies it is now possible to obtain reconstructions of the three-

116
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dimensional structure of macromolecular objects. Series expansion algorithms for recon-

struction can incorporate information from other sources; moreover, they have been shown

to be superior to transform methods for specific tasks. Such methods approximate a density

function by a linear combination of basis functions. In such a representation, the centers

of the basis functions are located on a grid. These algorithms produce as output the coeffi-

cients that multiply the basis functions.

The performance of a series expansion method is highly dependent on the selection

of the basis functions and on the selection of the grid. Important work has been devoted

to study “good” basis functions and grids for these algorithms. In particular, generalized

Kaiser-Bessel functions (also known asblobs) in conjunction with the body-centered cubic

(bcc) grid have been used with success in areas such as positron emission tomography and

electron microscopy.

Blobs are radially symmetric functions with smooth decay from one to zero. The shape

of a blob is determined by three parameters:α which controls the width of the bell-shaped

peak,a which determines the support of the function andmwhich determines the continuity

of the function.

The availability of three-dimensional information from proteins has contributed to the

development of methods to analyze such information. Among those methods, visualization

tools play an important role as much of our knowledge regarding shapes comes through the

visual system.
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One advantage of series expansion methods is that their output can be used, with little

modification, for visualization of the implicit surface enclosing the molecule. Specifically,

it is almost straightforward to use the output of the reconstruction method in the so-called

raycastingalgorithm (a method that is also known as theblobbyscheme). While there

had been previous research on the selection of good parameters for reconstructing with

blobs on thebccgrid, little was known about the behavior of such functions when used for

visualization.

The smooth properties of blobs suggest that visualization of density functions recon-

structed with blobs would be inherently smooth. However, we found that not all the blobs

that are good for reconstruction are good for visualization. In this work, we have proposed

a method for selecting blob parameters that takes into account the previous research and

adds a new criterion. We propose that for producing smooth surfaces two blobs located

at two closest neighbors in thebccgrid should produce an implicit surface that is convex,

but not too convex. While this criterion indeed results in smooth surfaces it utilizes wider

blobs than those indicated by the single criterion of generating “good” reconstructions. A

side effect of this method is the greater demand on the computer for generating a recon-

struction. Because the constraint that ensures smooth surfaces is more demanding than the

one that ensures “good” reconstructions, it seems that selecting the blob parameters for

the latter would suffice to generate a “good” reconstruction. However, by selecting wider

blobs some features in the reconstruction might be smoothed out. Finding blob parameters
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that are a compromise between “good” reconstructions and smooth surface representations

at practical times is an issue that requires further research. The loss of features due to

selecting wider blobs is also an issue that should be further analyzed with mathematical

phantoms appropriately designed to represent features similar to those appearing in real

proteins.

In the course of our research we also found that a direct application of raycasting with

blobs can result in an unpractical algorithm for visualization, especially considering the

computer time in comparison with polygon-projection algorithms (algorithms that approxi-

mate the implicit surface by polygons that are projected onto the screen and that use as input

a discretized version of the density function, an operation known as voxelization). We have

developed a new raycasting-blobs method that preprocesses the coefficients and improves

by more than an order of magnitude the times required for producing computer represen-

tations without reducing the quality of the renderings. The new raycasting-blobs algorithm

produces images of superior quality to those produced by the polygon-projection meth-

ods embedded in OpenDXTM (a general purpose open-source program for data manipula-

tion). The time required to generate the approximation to the implicit surface by the same

OpenDX polygon-projection algorithm is in the range required by our new raycasting-blobs

algorithm for the same rendering quality. However, once the approximation to the implicit

surface is generated, rendering by the polygon-projection method, is instantaneous; some-

thing that is not possible with our raycasting-blobs method.
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Since immediate user interaction is important for the analysis of three-dimensional

structures, we developed a polygon-projection method that takes advantage of efficient

voxelization of the density function. A common voxelization method is to discretize the

density function using a simple cubic grid. It has been shown that there are more efficient

grids than the cubic grid, in particular thebcc and thefcc grids. Thefcc grid has desir-

able properties, for example, voxels in thefcc grid have twelve neighbors all at the same

distance, while the cubic voxels have different types of neighbors at various distances. Fur-

thermore, thefcc grid is a subset of a simple cubic grid (with the same sampling distance).

This property allows the adaptation of algorithms developed for the simple cubic grid to the

fccgrid (with minor modifications). An important example of this is the so called-boundary

tracking algorithm. This algorithm searches for the voxel faces that enclose a connected set

of voxels (polygons that enclose a voxelized-volume). Creating the set of connected voxels

that represent the density function is achieved through segmentation. We have developed

such an algorithm for connectedfcc-voxels. We have shown that, for representing the same

density function, thefcc grid requires fewer voxels than the simple cubic grid for the same

rendering quality. This method does not take too much time to produce the approximation

to the implicit surface and it allows rendering in real-time. The normals of the surface

greatly influence the quality of the final image. As we mentioned in Section3.3 we have

the exact gradient to the density function at any point. Therefore, this technique offers the

right platform to incorporate the exact normals in the process of producing better quality
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images.

An important characteristic of biological macromolecules is that they are often formed

from few subunits that in many occasions show some kind of symmetry. Several methods

had been developed in electron microscopy to take advantage of the repetition of the sub-

units in the process of data acquisition. There had also been methods that take advantage

of the subunit repetition in the reconstruction process. Here we have proposed a method

that searches for repeated subunits in the reconstructed density functions.

This method is based on previous research suggesting that the quality of digitized doc-

uments can be improved by finding characters (subunits) in the image and forming models

of the subunits. Later on, the models are substituted in the place of the characters. Clearly,

the repeated characters differ by translation only.

In the case of repeated subunits in biological macromolecules the subunits differ in

translation and rotation. This introduces an extra level of complexity. We have imple-

mented an algorithm that finds subunits, creates models and substitutes them to improve

the quality of a representation. We implemented a three-dimensional version of a fuzzy

segmentation algorithm (an algorithm that uses fuzzy set principles) to segment the recon-

structed density function into the desired number of subunits. We threshold the result of

this segmentation to obtain masks that we use to identify the translation and rotation re-

quired to align all the subunits. We implemented two popular alignment methods to obtain

the translation and rotation necessary to align the subunits.
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For testing our method we designed mathematical phantoms. Using 160 such phantoms

we were not able to demonstrate with statistical significance that our approach produces

better approximations to the macromolecule than simple thresholding. We hypothesize

that this situation could be due, first, to the high similarity between the subunits, second,

to the relatively small number of subunits in the molecules of the model (as compared to

the number of subunits in a digitized document or the very large number of molecules

and images used for averaging when processing data from an electron microscope sample)

and, finally, to the limitations of the implemented aligning methods that we used after the

segmentation.

6.2 Future Work

There are three important issues that are of immediate interest for future research.

First, further investigation should be carried out regarding the optimization of blobs for

reconstruction and visualization in order to make more consistent the selection of parame-

ters for both operations. The criterion for approximating the normals of a convex function

is more restrictive than that of approximating a constant function. Thus, it seems sufficient

to select the blob parameters based exclusively on the smaller normal rms errors. In this

respect, most of the smaller normal rms errors are outside the hyperbolas; consequently, it

appears that further research is necessary to select blob parameters that allow create recon-

structions in practical times and that result in smooth surfaces.
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The second issue for further research concerns the development of a visualization tech-

nique that takes advantage of the smoothness of the blobs, producing high quality render-

ings, and allows real-time interaction. A possible approach is to continue improving the

raycasting-blobs method. Another is to approximate the implicit surfaces by polygons but

utilizing the analytical normals available from the blob reconstruction.

In the raycasting-blobs method it seems possible to optimize the management of mem-

ory in such a way that the several lists that are created make less calls to the system. Fur-

thermore, our implementations have used the support of the blobs to create the z-buffer and

the lists of blobs intersecting a ray. Finally, raycasting is an algorithm that is suitable for

parallelization. While multi-processors are still uncommon (although more accessible than

before), graphic multi-processor cards are becoming cheaper and they could be used to as

an alternative for parallelization or some interpolations necessary in the raycasting-blobs

method. The operations necessary for every ray casted are independent and they are rather

simple: compute the value of the blob and its gradient, add the values for several blobs

and search for the position at which the surface is found, for the desired threshold. The

smooth transition from one to zero and the continuity in the first derivative allow to create

look up tables for different values of the blob and its gradient (something that is currently

done). Currently, the final values for a blob and its gradient are computed by interpolation

of the values stored in the tables. Furthermore, the addition of all the values is an operation

that is constantly performed. However, these operations can be easily performed by the
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interpolation, texture mapping andα-buffer features in a graphic card.

The third subject of interest is the development of a method that better identifies and

classifies subunits in a reconstructed density function. In this respect, it seems that the

algorithm described in Chapter5 can be improved to better classify the objects into classes

by using a statistical analysis system instead of fixed threshold value for the Hausdorff

distance. Based on our results, see Fig.5.4, it seems that alignment methods that we

implemented should be further investigated.

Finally, an idea to explore is the modification of both segmentation and subunit-model

algorithms to work with thebccgrid. By doing this, it would be possible to work with the

set of coefficients and create a final display that possesses the quality shown by raycasting-

blobs.



Appendix A

Fourier Transforms of Trains of Pulses on Various Grids

The concept of pointwise multiplication between two ordinary functions can be extended

to multiplication between a functionf ∈ S (Rn) and a distributionT ∈ S′ (Rn), see Section

2.4for this notation, which is defined in [55] as the distributionf ×T such that

( f ×T)g = T ( f ×g) , (A.1)

for any functiong∈ S (Rn). For a functionφ overRn, we get (recalling (2.3)) that

(
f ×Tφ

)
g= Tφ ( f ×g) =

Z

Rn

φ(x)( f (x)g(x)) dx=
Z

Rn

(φ(x) f (x))g(x) dx= Tφ× f g. (A.2)

Thus multiplying a functionf with a distributionTφ determined by a functionφ gives us a

distribution determined by the multiplication off by φ, demonstrating the reasonableness

of the claim that (A.1) is a generalization of multiplication between ordinary functions.
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ForT = δy we have that

( f ×δy)g = δy( f ×g) = f (y)g(y) = ( f (y)δy)g, (A.3)

which in words says that multiplying a function by a unit impulse aty gives us an impulse

aty whose weight isf (y). Now consider,XG, see (2.20), whereG is a grid inR3.

Then for anyf ∈ S (Rn), we easily derive from (A.1), that

f ×XG = ∑
y∈G

f (y)δy. (A.4)

Thus multiplying f by XG can be considered to be equivalent tosamplingf at the points

of the setG.

As stated in Section3.2, we work with functions sampled on the simple cubic (sc), the

body-centered cubic (bcc) and the face-centered cubic (fcc) grids. To simplify the notion

in their analysis we use, for any positive real number∆, ∆shah as an alternative notation for

the distributionXG∆ . Recalling (3.3), (3.4) and (3.5), and using the notationb = (∆,∆,∆),

e1 = (∆,∆,0), e2 = (0,∆,∆) ande3 = (∆,0,∆), we see that thetrains of pulseson the grids

G∆, B∆ andF∆ can be expressed by

XG∆ = ∆shah, (A.5)
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XB∆ = 2∆shah+ 2∆shahb (A.6)

and

XF∆ = 2∆shah+ 2∆shahe1 + 2∆shahe2 + 2∆shahe3. (A.7)

By what was said in the previous paragraph it follows that sampling a functionf on one of

these grids is equivalent to multiplyingf by the corresponding train of pulses.

From [87], page 4, we have that

∆̂shah=

(√
2π
∆

)3
2π
∆ shah. (A.8)

From this and (2.14)

∆̂shahy = Sy×
(√

2π
∆

)3
2π
∆ shah. (A.9)

From (A.6), (A.8), (A.9), (A.4), the Fourier transform of the train of pulses arranged in

thebcccan be obtained as follows
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X̂B∆ = 2̂∆shah+ ̂2∆shahb

=
( √

π√
2∆

)3
π
∆ shah+Sb×

( √
π√

2∆

)3
π
∆ shah

=
( √

π√
2∆

)3

∑
y∈Gπ

∆

δy +
( √

π√
2∆

)3

∑
y∈Gπ

∆

δyS
b(y)

=
( √

π√
2∆

)3

∑
y∈Gπ

∆

δy

(
1+Sb(y)

)

=
( √

π√
2∆

)3

∑
y∈Gπ

∆

δy

(
1+e−i〈b,y〉)

=
( √

π√
2∆

)3

∑
y∈Gπ

∆

δy(1+cos(∆(y1 +y2 +y3))− i sin(∆(y1 +y2 +y3))) ,

(A.10)

whereyi is of the formki
π
∆ , see (3.3), which results in∆(y1 +y2 +y3) = π(k1 +k2 +k3)

andsin(∆y1 +∆y2 +∆y3) = 0. In a similar way,1+cos(∆y1 +∆y2 +∆y3) is equal to zero

whenk1 + k2 + k3 is odd and is equal to two whenk1 +k2 + k3 is even. This is in fact the

definition of thefccgrid, see (3.5). Therefore, it follows that (A.10) is equivalent to

X̂B∆ =
1√
2

(√
π

∆

)3

XFπ
∆
. (A.11)

This indicates that a train of pulses on thebccgrid with a sampling distance∆ has a train

of pulses on thefcc grid as its Fourier transform with sampling distanceπ
∆ and amplitude

1√
2

(√
π

∆

)3
.



Appendix B

Bacteriorhodopsin

The bacteriorhodopsin (bR) is a robust protein from the cell membrane of theHalobac-

terium halobium. The Halobacterium halobiumis an extreme halophile. Extreme halo-

philes are prokaryotes that require salt for growth and will not grow at low salt concen-

trations. Their cell walls, ribosomes and enzymes are stabilized by sodium. The extreme

halophiles live in natural environments where the salt concentration is very high, such as

the Dead Sea, the Great Salt Lake or evaporating ponds of sea water. TheHalobacterium

halobiumis the prevalent species in the Great Salt Lake and adapts to the high-salt envi-

ronment by the development of apurple membrane(patches of light-harvesting pigments

in the cell membrane). This is the only known example in nature of non-photosynthetic

photophosphorylation [66].

The bR pumps protons out of the cell and provides the cell with energy to survive (in

environments with high salinity the oxygen is scarce and the aerobic respiration does not

provide enough energy for the cell’s needs). This proton pump uses sunlight as its source
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of energy.

The bR is an important protein because it serves as a simple model for membrane

transporters (biological macromolecules performing the fundamental process, for all forms

of life, of ion transportation against an electrochemical potential, up to 10,000-fold dif-

ference) and for G-protein-coupled receptors (which include drug targets in humans and

which could operate by a similar switch mechanism).

(a) (b) (c)

Fig.B.1: (a) Scheme of the sevenα-helices forming the bacteriorhodopsin, see text,
(reprinted with permission from the author and Nature [66] copyright 2000 Macmillan
Publishers Ltd.) (b) View of the arrangement of three Bacteriorhodopsins as they would
appear from within the cytoplasm. (c) View of the three bacteriorhodopsins, represented
by ribbons, using the model of atoms available in the Protein Data Bank [10].

There are three bacteriorhodopsin in the cell membrane, see Fig.B.1, each of them

composed of seven membrane-spanningα-helices, see Fig.B.1(a), perpendicular to the

cell’s membrane and containing one molecule of a linear pigment called retinal. The seven

α-helices are tilted with respect to the plane formed by the membrane and are joined by

chains of amino acids on either side of the cell membrane, see Fig.B.1(c).

The bR operates by involving the retinal pigment (which changes its structure in re-
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sponse to visible light) in a sequence of five stages in which the protein slightly changes its

three-dimensional structure. The primary motions of the proton-pumping action in bR are

surprisingly small, involving movements of groups of atoms by 1Å or less [42, 46, 47, 48,

66, 67].

Fig.B.2: Rendering of the bacteriorhodopsin at the desired threshold from perfect projec-
tions at 9Å resolution. This display has the same orientation and volume as that shown in
Fig. 4.3(b). This image will serve as the representation oftruth.

The bR is one of the few proteins that has been crystallized, a fact that has permitted

the extensive study of the protein in the last three decades. The structure of the bR has

been determined, with high accuracy, at any of its conformational stages to convert light

into energy in the bacteria by electron cryomicroscopy of two-dimensional crystals and by

X-ray crystallography. The research of the bR has yielded several atomic models of the

protein (e.g., 1brd, 2brd), which are available in the Protein Data Bank (PDB) [10] at the
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World Wide Web addresswww.rcsb.org/pdb.

For our experiments we created a model at a resolution typical of that achieved by TEM

(9 Å), see Fig.B.2. The density function based on the atomic model creates a model whose

volume is of importance at almost every value. Consequently, we arbitrarily selected a

threshold at which interesting features are visible, in particular at a value at which the

sevenα-helices are visible.

http://www.rcsb.org/pdb�
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[87] F. Natterer and F. Ẅubbeling, Mathematical Methods in Image Reconstruction.
Philadelphia, PA: Society for Industrial and Applied Mathematics, 2001.

[88] E. Nogales, S. G. Wolf, and K. H. Downing, “Structure of theαβ tubulin dimer by
electron crystallography,”Nature, vol. 391, pp. 199–203, 1998.

[89] L. G. Nyul and J. K. Udupa, “Fuzzy-connected 3D image segmentation at interactive
speeds,” inProceedings of SPIE: Medical Imaging, vol. 3979, (San Diego, CA),
pp. 212–223, International Society of Optical Engineering, 2000.

[90] L. G. Nyul and J. K. Udupa, “MR image analysis in multiple sclerosis,”Neuroimag-
ing Clinics of North America, vol. 10, pp. 799–, 2000.

[91] H. Oettl, R. Hegerl, and W. Hoppe, “Three-dimensional reconstruction and aver-
aging of 50S ribosomal subunits ofEscherichia colifrom electron micrographs,”
Journal of Molecular Biology, vol. 163, pp. 431–450, 1983.

[92] N. R. Pal and S. K. Pal, “A review on image segmentation techniques,”Pattern
Recognition, vol. 26, pp. 1277–1294, 1993.

[93] S. K. Pal and D. K. Majumder,Fuzzy Mathematical Approach to Pattern Recogni-
tion. New Delhi: John Wiley and Sons, Inc., 1997.



141

[94] X. Pennec and J. Thirion, “Validation of 3-D Registration Methods based on Points
and Frames,” Tech. Rep. INRIA Research Report 2470, January 1995.

[95] L. Perroton, “A new 26-connected objects surface-tracking algorithm and its related
pram version,”International Journal of Pattern Recognition and Artificial Intelli-
gence, vol. 9, pp. 719–734, 1995.

[96] M. Perutz, “X-ray analysis of hemoglobin,”Science, vol. 140, pp. 863–869, 1963.

[97] D. P. Petersen and D. Middleton, “Sampling and reconstruction of wave-number-
limited functions inN-dimensional Euclidean spaces,”Information and Control,
vol. 5, pp. 279–323, 1962.

[98] R. Radermacher, T. Wagenknecht, A. Verschoor, and J. Frank, “Three-dimensional
reconstruction from a single-exposure, random conical tilt series applied to the 50S
ribosomal subunit ofEscherichia coli,” Journal of Microscopy, vol. 146, pp. 113–
136, 1987.

[99] R. W. Ramirez,The FFT: Fundamentals and Concepts. Englewood Cliffs, New
Jersey: Prentice-Hall, Inc., 1985.

[100] L. Reimer,Transmission Electron Microscopy: Physics of Image Formation and Mi-
croanalysis, vol. 36 ofSpringer series in optical sciences. Berlin: Springer-Verlag,
1984.

[101] G. Rhodes,Crystallography Made Crystal Clear: A Guide for Users of Macromolec-
ular Models. San Diego, CA: Academic Press, 2nd ed., 2000.

[102] A. Rosenfeld, “Fuzzy digital topology,”Information Control, vol. 40, pp. 76–87,
1979.

[103] P. K. Saha and J. K. Udupa, “Fuzzy connected object delineation: Axiomatic path
strength definition and the case of multiple seeds,”Computer Vision and Image Un-
derstanding, vol. 83, pp. 275–295, 2001.

[104] P. K. Saha and J. K. Udupa, “Relative fuzzy connectedness among multiple objects:
Theory, algorithms, and applications in image segmentation,”Computer Vision and
Image Understanding, vol. 82, pp. 42–56, 2001.

[105] P. K. Saha, J. K. Udupa, E. F. Conant, D. P. Chakraborty, and D. Sullivan, “Breast tis-
sue density quantification via digitized mammograms,”IEEE Transactions on Med-
ical Imaging, vol. 8, pp. 792–803, 2001.



142

[106] P. K. Saha, J. K. Udupa, and D. Odhner, “Scale-based fuzzy connected image seg-
mentation: Theory, algorithms, and validation,”Computer Vision and Image Under-
standing, vol. 77, pp. 145–174, 2000.

[107] M. C. San Martin, C. Gruss, and J. M. Carazo, “Six molecules of SV40 large T anti-
gen assemble in a propeller-shaped particle around a channel,”Journal of Structural
Biology, vol. 268, pp. 15–20, 1997.

[108] T. Schormann and K. Zilles, “Limitations of the principal-axes theory,”IEEE Trans-
actions on Medical Imaging, vol. 16, pp. 942–947, 1997.

[109] R. R. Schr̈oder, “Zero-loss energy-filtered imaging of frozen-hydrated proteins:
Model calculations and implications for future developments,”Journal of Mi-
croscopy, vol. 166, pp. 389–400, 1992.

[110] R. R. Schr̈oder, W. Hofmann, and J.-F. Menetret, “Zero-loss energy filtering as im-
proved imaging mode in cryoelectronmicroscopy of frozen hydrated specimens,”
Journal of Structural Biology, vol. 105, pp. 28–34, 1990.

[111] D. E. Schumm,Essentials of Biochemistry. Boston, Little: Brown and Company,
Inc., 2nd ed., 1995.

[112] I. I. Serysheva, E. V. Orlova, W. Chiu, M. B. Sherman, S. L. Hamilton, and M. van
Heel, “Electron cryomicroscopy and angular reconstitution used to visualize the
skeletal muscle calcium release channel,”Nature: Structural Biology, vol. 2, pp. 18–
24, 1995.

[113] G. C. Sharp, S. W. Lee, and D. K. Wehe, “ICP registration using invariant features,”
IEEE Transactions of Pattern Analysis and Machine Intelligence, vol. 24, pp. 90–
102, 2002.

[114] U. Tiede, K. H. Hoehne, M. Bomans, A. Pommert, M. Riemer, and G. Wiebecke,
“Investigation of medical 3D-rendering algorithms,”IEEE Computer Graphics and
Applications, vol. 10, no. 2, pp. 41–53, 1990.

[115] J. K. Udupa and G. T. Herman,3D Imaging in Medicine. Boca Raton, Florida: CRC
Press, Inc., 1991.

[116] J. K. Udupa, L. G. Nyul, Y. L. Ge, and R. I. Grossman, “Multiprotocol MR image
segmentation in multiple sclerosis: Experience with over 1,000 studies,”Academic
Radiology, vol. 8, pp. 1116–1126, 2001.

[117] J. K. Udupa and D. Odhner, “Shell rendering,”IEEE Computer Graphics and Appli-
cations, vol. 13, pp. 58–67, 1993.



143

[118] J. K. Udupa, P. K. Saha, and R. Lotufo, “Fuzzy connected object definition in im-
ages with respect to co-objects,” inImage Processing(K. Hanson, ed.), vol. 3661 of
Proceedings of SPIE, pp. 236–245, 1999.

[119] J. K. Udupa and S. Samarasekera, “Fuzzy connectedness and object definition: The-
ory, algorithms, and applications in image segmentation,”Graphical Models and
Image Processing, vol. 58, pp. 246–261, 1996.

[120] J. K. Udupa, L. Wei, S. Samarasekera, Y. Miki, A. van Buchem, and R. I. Gross-
man, “Multiple sclerosis lesion quantification using fuzzy-connectedness princi-
ples,” IEEE Transactions on Medical Imaging, vol. 16, pp. 598–609, 1997.

[121] P. A. van den Elsen, E.-J. D. Pol, and M. A. Viergever, “Medical image matching -
a review with classification,”IEEE Engineering in Medicine and Biology, vol. 12,
pp. 26–39, 1993.

[122] M. van Heel, “Angular reconstitution: A posteriori assignment of projection direc-
tion for 3D reconstruction,”Ultramicroscopy, vol. 21, pp. 111–124, 1987.

[123] M. van Heel, B. Gowen, R. Matadeen, E. V. Orlova, R. Finn, T. Pape, D. Cohen,
H. Stark, R. Schmidt, M. Schatz, and A. Patwardhan, “Single-particle electron cryo-
microscopy: Towards atomic resolution,”Quarterly Reviews of Biophysics, vol. 33,
pp. 307–369, 2000.

[124] L. G. Wade,Organic Chemistry. Englewood Cliffs, New Jersey: Prentice Hall, Inc.,
3rd ed., 1995.

[125] R. H. Wade, “A brief look at imaging and contrast transfer,”Ultramicroscopy,
vol. 46, pp. 145–156, 1992.

[126] A. H. Watt, 3D Computer Graphics. Reading, Mass.: Addison-Wesley Pub. Co.,
2nd ed., 1993.

[127] Z. Y. Zhang, “Iterative point matching for registration of free-form curves and sur-
faces,”International Journal of Computer Vision, vol. 13, pp. 119–152, 1994.

[128] H. J. Zimmermann,Fuzzy Set Theory and Its Applications. London: Kluwer Aca-
demic Publishers, 3rd ed., 1996.



INDEX

Symbols
X

body-centered cubic grid, 45, 129
Fourier transform, 46

convolution, 27
face-centered cubic grid, 45, 129
sampling, 46, 128
simple cubic grid, 27, 45, 128

Fourier transform, 45
train of pulses, 27
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backprojection, 29
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theorem, 30

bacteriorhodopsin, 69, 131–134
basis functions, 35, 40

blobs,seeblobs
bcc, seebody-centered cubic grid
bels, 76

connectivity, 79–80
biological macromolecules, 5
blobs, 41–43

definition, 41
Fourier transform, 42
raycasting, 51
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contrast transfer function, 18
convolution, 26–27, 46
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theorem, 27
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CTF,seecontrast transfer function
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fuzzy segmentation, 91–99
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theorem, 95
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