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Abstract

In this papera representationdanguageof a logical kind which is expressiveenoughto modelconceptof
descriptivegeometryis presented.The language is employedto producesolid modelsof polyhedrafrom
representationf their orthogonal projections. The synthetic processhas as its input well-formed
expressiongepresentinghe geometricalentities and relationsof bidimensionalorthogonalviews and
employs expressiongpresentingirafting conceptof descriptivegeometryto produceexpressionslenoting

the 3D objectscontituting the final polyhedra.The productionof 3D modelsof solid objectsfrom their
orthogonal views has a significant history within computer graphics and CAD punsgbusapproachegare
based on numerical algorithms modeling geometrical and topological constraints of the problenirdamain
quantitative fashion. However, in this approach, geometrical objects are referamlighexpressionsf a
declarative language, and the final object is produced through symbolic inference.

1. Introduction

The production of solid models of polyhedra from orthogonal views has been the subject of a large number of
studies.Researctaddressinghis problemcan be tracedas far backasldesawa’s1973 study [[desawa73].
Other systemshave beenproducedby Lafue [Lafue73], Sakurai and Gossard[Sakurai83],Haralick and
QueeneyHaralick82], Preiss[Preiss84].A goodsurveyof all of thesealgorithmsis presentedy Nagendra
and Gujar [Nagendra88].Most of thesesystemsemployeda bottom-upapproachwhich startsfrom the
identification of the basic 2D points for the sequential production of 3D points, lines, surfaces to dndve to
final 3D model. Although orthogonalviews are normally unambiguoussyntheticprocedure$asedon the
computatiorof local propertiesof geometricentitiesgeneratdalse3D elementghat haveto be removedfor
producing a valid configuration. Validity is testedin theseapproacheghrough mathematicalcriteria.
Constraintsat this level of abstractiorare,for instancethat a valid polyhedrahaveto satisfy Euler'srule.
Another important characteristicof these methodsis that the information concerningthe coordinate
positionsof dotsandlinesin orthogonalviewsis especifiedn threedifferent 2D coordinatedsystemspne

for each view. For instance, the top view corresponds to the x-y plane, the front view toplemeandthe
right view to the y-z plane. 3D coordinate positions are computed from these basic 2D spaces.

In normal drafting tasks,on the other hand, peopleapply more abstractinterpretativeconceptsrelating
views, faces projectionsand constrainton thesenotions.For instanceiwo adjacenfacesmustnot meeton
the sameplaneand an edgemust be sharedby at mosttwo faces.Ratherthan startingthe interpretation
processby looking at individual dots, peopleconsiderpolygonsin especificviews as projection of faces
duringthe whole of the interpretationprocessThis view suggesta top-downinterpretationprocesgor the
constructionof solid models.In addition,it is consideredhatfrom the point of view of peopleall views are
representedh a singlepieceof paper,whichis a 2D space.The axesdeterminingthe position of the views
relative to each other are drawn relative to a 2D reference space for the daawvimigole,anda numberof
auxiliary geometricalelementscommonlyusedin drafting practices,like constructionlines, are defined
relative to this spacetoo. This qualitative descriptionof drawingsthrougha formal declarativelanguage
follows the lines of the graphicallanguagedevelopedfor the GRAFLOG system[Pineda89,92] which
allows usto makesystematiccomplexreferenceo graphicalentitiesandrelationsappearingn orthogonal



drawings. However, while th@RAFLOG systemis only concernedvith the productionof 2D drawings,the
aim of the presenttheory is to obtain solid models.The purposeof this work is to expressexplicitly the
knowledgerequiredfor the interpretationof orthogonalprojectionsandthe productionof isometricviews at
the knowledge level.

In Section2 a characterizatiorof the kind of polyhedrathat can be interpretedby the systemis presented
and someexamplesof the graphicalconceptsthat haveto be modelto supportthe interpretationtask are
illustrated. Then, an intuitive introductionto the expression®f the representationdhnguagerequiredfor
referringto individualsandrelationsinvolvedin drafting conceptds given.In Section3 a formal definition
of the syntaxand semanticsof the representationalanguageis presentedThe languageis essentiallya
many-sortedirst-orderlogical languagewith equality,function symbolsandlambdaabstractionIn Section
4 a setof conceptof descriptive geometryrequiredfor the interpretationof orthogonalviewsis presented.
Finally, in Section5 the heuristic procedurethat usestheseexpressiondo synthesizethe solid model is
illustrated with the help of an example.

2. Modeling Graphical Concepts of Descriptive Geometry

ConsiderFigurelain which the orthogonalprojectionsor views of a polyhedronare shown.As canbe seen
the 3D representatiorof the solid, enclosedin a transparentbox, is decomposedn a number of 2D
representationsusually three (namely, top, front and right-side views). In normal technical drafting
practicegpeoplearegiventhesethreeviewsin a planarrepresentatiomelativeto a 2D coordinatesystemas
shown in Figure 1b, and his or her tasko producea 3D representatioisometric,obliqueor perspective).
Although these drawing are interpreted as 3D objects, they are not really tridimensibeglaredrawnin
a pieceof paper,andthe reasoningprocessappliedby peoplefor the constructionof isometricviews acts
upon bidimensionalrepresentationsf objectsand producestridimensionalrepresentationsf the sought
polyhedra (presumably).
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PLANE OF PROJECTION
(FRONT)

Front view /)\\ < \ Right-side view T
o Sl / |
|

front view right-side view

(b)

Figure 1 Orthogonal projections or views of a polyhedron.

It is worth highlighting that this notion of reasoningin 2D considersnot only the 2D objectsappearing
explicitly on the drawing, but also other objects, like constructionslines, employedto relate objectsin

different views. In particular, a graphical reasoningtask in this problem-solvingdomain consistsin

verifying whetherobjectsin different views correspondo the projectionsof a 3D object. Wheneversucha

relationholdsit is possibleto postulatethata certain3D objectis beingrepresentedhroughits orthogonal
views.

Next this notion of graphicalreasonings illustratedwith the help of a simple example Whena surfaceis
perpendiculato a plane,the projectionof the surfaceon to thatplaneis a line; otherwisethe projectionis a
polygon,ascanbe seenin Figure lain which the top surfaceof the solid is projectedasa line in the front



andright-sideviews,andasa polygonin the top view. A typical situationof a surfacethatis perpendicular
to the top planeof projectionandinclined to the othersis illustratedin Figure 2. In orderthat peoplecan

indentify the line and two polygonsof Figure 2, when they occur in the contextof a meaningfuland

complete drawing as projectiontthe samesurfacea numberof conditionsmusthold that mustbe verified

througha reasoningorocessin technicaldrafting practicesthe conditionsare identified with the help of a

number of construction lines. In our example, these conditions are as follows:

dz2"

Figure 2 Orthogonal views of a surface perpendicul
to the top plane and inclined to the others.

1. Relation between the line in the top view and the polygon in the front view:
1.1. A vertical constructionline la passinghroughthe left dot of the line in top view mustintersectthe
left-most dot of the polygon in the front view.
1.2. A vertical construction linéb passing through the right dot thfe line in the top view mustintersect
the right-most dot of the polygon in front view.

2. Relation between the polygon in the front view and the polygon in the right-side view:
2.1. A horizontalconstructiorline Ig passinghroughthe top-mostdot of the polygonin the front view
must intersect the top-most dot of the polygon in the right-side view.
2.2. A horizontalconstructionline |h passingthroughthe bottomdot of the polygonin the front view
must intersect the bottom dot of the polygon in the right-side view.

3. Relation between the line in the top view and the polygon in the right-side view:

3.1. A vertical constructionline le passingthrough the intersectionbetweenthe 45° axis and the
horizontalconstructionine Ic -dot d3- intersectghe right-mostdot of the polygonin the right-side
view. The linelc passes through the top-most dot of the line in the top view and intei8ects

3.2. A vertical constructionline If passingthrough the intersectionbetweenthe 45° axis and the
horizontalconstructionline Id -dot d4- intersectghe left-mostdot of the polygonin the right-side
view. The lineld passed through the bottom dot of the line in the top view and intedgects

4. Relation between the lines in the front view with the lines in the right-side view:

A line of the polygonin the front view correspondso a line of the polygonin the right-sideview if a
commonreferencecanbeidentified throughthe top view. For instance considerthe line ly in the front
view andits correspondindine Iz in the right-side view. The line Iz is definedby dotsd1" and d2",
wheredl" is definedby the intersectionof the horizontalcontructionline Ig passingthroughd1l in the
front view, andthe vertical constructionline If passingthroughd4 which in turn is determinedby the
intersectiorbetweerthe 45° axisandthe horizontalconstructionline Id. Theline Id passeshroughdl'
which is definedby the intersectionof Ix andthe vertical constructionine la, which passeshroughdot
d1 The dot d2" defining Iz is obtainedas abovebut consideringthe extremedot d2 of ly. Relations
between other lines of the front and right-side view can be identified by similar constructions.



For verifying whethertheseconditionshold, it is requiredto havea representationdlnguageexpressive
enough to state such geometrical descriptions. thatinaturallanguagedescriptionsl to 4 involve relative
clauses, conjunctions, disjunctions, reference to individuals and groups of individuals, etot ¢teésrhow
thesedescriptionscan be expresseddynamically (through an interactive dialog with the final user)in
traditional languagesf the kind commonlyusedin graphicsand CAD systemslike for instance,object
oriented programminglanguages.In the current approacha many sorted first-order logical language
augmentedvith equalityandlambdaabstractions employed.Throughthis languagecomplexdescriptions
can be statedand their denotationscan be obtainedthrough the interpretationprocess.The synthetic
program that producesthe solid object has as its input a collection of expressionsrepresentingthe
orthogonalviews andusesthe languageanterpreterto computethe actualreferenceof expressionsieededn
the evaluationof constraintsof the taskandin the productionof the solid model. In our representational
language(presentedbelow in Section3), the expressiondenotingthe objectsand relationsillustratedin
Figure 2 is as follows:

)\Xline yypolygon yzpolygon
(dot_on_lin€p_lefi(yyoiygon, Proj(top, front, left(xine))) O
(dot_on_lingp_right(Ypoygon, Proj(top, front, right(xine))) U
(dot_on_lin€p_lef(zyoygon, Proj(top, right, down(Xiine))) U
(dOt_On_Iinép_righi(zpolygor)a proj(tOPv right, up(xline))) O
(dot_on_lin€p_un(Zyoiygon, Proj(front, right, up(Xine))) O
(dot_on_lin€p_dowr{zyoygon, Proj(front, right, down(Xiine))) O
[Wiine (line_of_polygotWine, Ypolygon —
line_of_polyg@ime(intersectiorfproj(tv, rv, intersectiorfproj(fv, tv, left(Wiine)),Xine)),
prOj(fV, rV, left(\MinE)))a
intersectiorproj((tv, rv, intersectiorfproj(fv, tv, right(Wine)) Xine)),
prOj(fV, v, right(\MinE))))a

zpolygon))

Expression 1 Expression of the logical languaje denoting the objects and relations illustrated in Figure 2.

As can be seen, expression 1 denotes a function direoxtpolygonx polygon - bool which takes théine
in thetop view andthe polygonsin the front andright-sideviews, andreturnsthe valuetrue if theline and
the two polygonscorrespondo the projectionsof a surfaceof a solid. The operatorsymboldot_on_linein
the body of expression 1 is interpretechdsnctionthattakesa dotandaline andproducesasits valuetrue
if the dot is on the line anfdlseotherwise. The symbalroj denotesa functionwhich takesasits arguments
two views anda dot and hasasits valuea line, which is the constructionline, vertical or horizontal,that
passes through the dot in the first view agldtesthe two views. For instancethe constructiorine through
the point d1' thatrelatesthe top andfront viewsis expressedn the languageasproj(top,front,d1), andthe
construction line passing through d1' that relates the top and right-side views is expressedby
proj(top,right,d1) anddenotedheline If. The expressioneft(l) denoteghe left-mostdot of line | and,on a
similar way, the symbolsright, up, down Theinterpretation®f the operatorsymbolsp_left p_right, p_up
p_downarethe left-most,right-most,etc.,dot of a polygon. The languagemakesexplicit useof quantifiers
andvariablesof the different sorts,and employsalsological constantsymbolsof first orderlogic. Although
expressionsre formally definedin a prefix form, we useinfix notationwhenappropiatedor clarity. The
developmenbf the syntaxandsemanticof representationdanguagesndits interpreteris one main focus
of this work, and in Section 3 a full specification of this language is presented.

Considernow that the situation depictedin Figure 2 never occursout of contex, but it rather appears
embedded within a whole orthogonal configuration winygraphicalsymbolsin which the projectionsof
a given entity in oneview into the otherscannotbe known by simple inspectionof the drawingin most
situations.ConsiderFigure 1b in which severallines and polygonscanbe discernedn eachof the views.
How do we know that the right rectangleof the top view correspondgo a line on eachto the other two
views?The first approximationto the problemwould be to consideran exhaustivesearchin which every
individual entity (dots, lines and polygons)of one of the views is comparedwith all objectsin the other



views. This approachis, however,not practical becausehe exponentialnature of the searchprocess.n

normalhumandrafting practicespeopledo not do this kind of searchand someheuristicsmustbe involved
in the selectionof the entitiesthat are likely to match.One strategyfor solving the problemwould be to
orderthe viewsandscanobjectsin viewsaccordingto that order.Polygonsin views canalsobe orderedfor

the scaningprocessand the searchcan be performedin a way that only relevantpathsare explored.This
processneedsto be guidedwith the help of a numberof heuristics.Our procedurewill be explainedin

Section 5. For the present purpose what needs to be emphasized isfihat tigectmustsatisfya number
of constraintdn orderto be considered valid polyhedron.Constrainscan be checkedin local stepsof the
generatiorprocessandalsoat a globallevel whenthefinal objectis producedGlobal constraintson objects
produced by a synthetic procedure are as follows:

i) A polyhedron must be a solid limited by a set of polygons, interpreted as faces, where each line -an
edge- must be shared exactly by two faces (2-manifold polyhedron). In Figure 3a an invalid polyhedron
is showrl.

ii) Two adjacent faces of a polyhedron must notlithe same plane (as shown in Figure 3b).
iii) Each face of a polyhedron is defined by exactly one polygon. This constraint eliminates polyhedra with
holes because a surface with a hole is defined by two polygons where one of them limits the face and

the other the hole. An example of this case is presented in Figure 3c. Another invalid case for this
condition is shown in Figure 3d.

According to the above definition some examples of valid and invalid polyhedra are shown in figure 3.

>y

(@) (b) () ©)
invalid for condition (i) invalid for condition (ii) if invalid for condition (iii) invalid for condition (iii)
A and B are considered
as two faces

) ®
valid valid

Figure 3 VALID AND INVALID POLYHEDRA . (a), (b), (c) and (d) are invalid polyhedra. (e) and (f) are vali
polyhedra. The marked face in polyhedron (f) is considered with six sides according to condition

3. Definition of a Representational Language

In this sectiona formal presentatiorof a generalframeworkfor the definition of the kind of languageghat
are usedin this work is is presentedA languageis a setof symbolsand a setof rulesto constructwell-
formed expressionsWe refer to the expressionsof the languagethat denote individuals of different
geometricalkinds as graphical terms or simply terms The interpretationof a compositeexpressionds
computedaccordingto Frege'sPrinciple of Compositionality[Dowty81]. This principle statesthat the
interpretationof a compositeexpressiondependson the interpretationsof its constitutingpartsand their

Thick lines represent the edges referred to by the condition.



mode of grammaticalcombination.The interpretationof a languageis relative to a formal model in the
logical sense. In order to define a language it is required to spedfnimxandsemantics

3.1 Syntax of a Language
The syntax of a language determines the structure of expressions. The syntactic elements of a language are:

A. A setofsorts,
B. A set of basic expressions symbolgfor each sort.
C. A set of syntactic rulego construct well-formed expressions of the language.

We definethe syntaxof a languagewith a notationbasedon a combinationof thosein [Goguen78]and
[Dowty81], augmentedwith graphicalconsiderationsas shownin [Pineda89].We distinguish basic and
composite sorts. A composite sort is formed by others sorts and has ttee $prms,,s wheres;, s,, ..., Sy,

s are sorts. The interpretationof an expressionof a basicsort s is an object of sort s. For instance,the
interpretation of the symbol "3" of sort integer is the integer number -the abstractobject- 3. The
interpretationof an expressiorof a compositesorts; s; ... $,Sis afunction of SortAg; X Az X ... X Agn - A,

whereA is the setof all objectsof sorti. For instancethe interpretationof the operatorsymbolintersection
of sortline line,dotis a function with domainin Aj,e X Ajine andrangein Aye; (i.€. the intersectionof two

lines is the dot in which the intersection takes place).

Let Sbe the set obasic sortsandT the whole set of sorts.

The construction rules for the formation of sorts are as follows:
1) If SOSthensOT.
2)Ifs, s, ..., OT andsT thens; s, ... $,s0T.

Thebasic expressions are the constant and variable symbols of the language:
1) For each sodT, the set of constants of satis Cs.
2) For each sod]S, the set of variables of sarts V..

Notethatthe languagehavebasicconstantdor everysortwhetherit is basicor complex,but only variables
of basic sorts are allowed, keeping the language as a first order one.

Thesyntactic rulesare as follows (the set of well-formed expressions ofssarEs):
1. If aC,, thenalE..

2. If pdvs, thenulEs,
3. If 1y, ...T, are elements &, ..., Eqn, respectively, anglCq; sns, thenq(ty, ...JTn) UEs.
4. If yy, ..., U, are elements ofs,, ..., Vsn, respectively, andOEs, thenA py, ...,Hn o OEsy sns
5. If Ay, ..., in O OEs1_ sns @ndty, ..., T, are elements @&y, ... Esn, respectively, then
A Mg, weey Mn O(Tq, -.-Tn) O Es.
6. If H U VS and BD Ebool thenE'J(B) O Ebool-

7. 10f M O Vs andBD Ebool thenDu(B) O Epoor-

3.2 Semantics of a Language

The semanticof a languageadefinesthe interpretationof the well-formedexpressionsin orderto definethe

semantics we specify the following:

A. Themodel A model is an ordered pdif,FL whereA (thedomair) is a non-empty set of individuals,
andF is a set of functions which assign interpretations to all constant symbols of every sort.

B. Thesemantic rulesletermine the interpretation of a well-formed expression.



As functionsin F assigna denotationto every constantan assignmentunction g is introducedto assign
valuesto the variables.For this reasonthe intepretationof an expressiorof the languageis relativeto a
modelM and an assignment functign

Let themodel M be defined as follows:
Let the domain of individuals be= A, O A, O ... O A, for all sOS.

Let the set of functionB be {Fs, ...,Fsn} for all SOS whereFs; assigns an interpretation to every
element ofCq;.

The semantic rules are the following (following [Dowty81] we usethe notationalconvention[[a]]™ for
representinghe interpretationor denotationof an expression relative to a modelM and function g; a
functiong’’* is the same agbut assigns the valueto the variable):

1. If a OC, then [p]]" = Fya).

2. If uOVs, then [p]]™9= g().
3. Ifty, ..., T, are elements sy, ..., Eq, respectively, ang O Eqy sns, then [Ty, ..., )]]"9 =

[Lal™ ([t ™2, ... [[r]] ™).
4. If Yy, ...,un are elements &gy, ..., Vsn , respectively, and O Eg, then [N Wy, ...,pn O ]]""'g is
that functionh from As; X Asx X ... X Agy into Ag such that for all objects, ks, ..., Kk, in Asy, Asp,-.., Asny
respectivelyh(k, ks, ...,kn) is equal to [§]]
5 IfAM, ...,tn 0 OEgy sns andty, ... T, are elements ds,, ..., Es,, respectively, then Ny, ...,
Hn O (T1, oo T)]1™O = [[a(pa/Te, .., o/ T)]] ™0
6. If pOVsandBO Epoo then [[u(B)]I™ =T iff for some value assignmegsuch thay' is
exactly likeg except possibly for the individual assigneditoy g, [[B]]1"" =T.

7. If pOVsandBO Eyeo then [[Du(B)]1™e =T iff for every value assignmegtsuch thay' is
exactly likeg except possibly for the individual assignedutoy ', [[B]]"? =T.

Thesemanctic rule of inter pretation relativeto a model M is the following:

If aJEs, then [[]]Y=as, whereaJA,, if [[a]]™ ¢ = a for every value assignmegt

3.3 Syntactic and Semantic Definition of Language L

Now the definition of languagd. for the representationf drawingsis presentedA particularinterpretation
domainA for a specificmodelM containsall graphicalsymbolsthatcanoccurin orthogonalviews. (In the
following text, we use a notational conventionvalyich individualsof the domainarewritten in normaltext
and constant symbols of the object language in italics).

Let Sbe the set of basic sorts as follows:
S= {bool, view, integer, real, dot, line, iline, path, polygon, dot3d, line3d, path3d, polygon3d

where

* bool represents the sdrbolean

* viewrepresents the sastthogonal view

* integerrepresentes the santeger number

* real represents the saal number

* dotrepresents the sa2D dot

* line represents the sdD line segment

* iline represents the sdD infinite line

* pathrepresents the sa?D path

* polygonrepresents the sa2D polygon

« dot3drepresents the sa3D dot

* line3drepresents the sa3D line segment



* path3drepresents the s@BD path
* polygon3drepresents the sd8D polygon

LetV be a denumerable set of variables of all basic soBs in

Let A be the set of individuals formed by the union of the following sets:

Ao = {T, T} is the set of boolean values.
Ajew = {top, front, right }

Aea = {r]|risareal number}.

Anteger = {r | ris an integer number}.

Adot = {dl, o, ..., d1}

Aline = {l 1, |2, . ln}

Ailine = {l 1s i2, reey ln}

Avan = {empty, k;, ko, ..., k}.

Apolygon: {ply P2 -ees Fh}
Adotza Avinead Apathads Apolygonad are finite sets of the corresponding kinds of objects.

EverysetAs hasan "error” elementsuchthat erroryoJAq. errofinelJAjine, €tc. Similarly, everysetCs hasa
symbol that denotesthe error element,for example,the symbol errorgy is an elementof Cyor and Fyoy
(errorgo)=€rrok. Errors occur when the interpretations of expressions are partial functions [Pineda89,92].

Now we presentsomeof the constantsymbolsof the languagel. andtheir denotationsLet the setof basic
constantsC beformedby the unionof the following sets,andtheir interpretationsasfollows (for simplicity,
we refer to functiorirs for somes only asF):

e The setChpoo = { /, 7} such thatF(/) =F yF(/=T.

* The selC,ew = {top, front, right} such that~(top)=top, F(front)=front and F(right)=right.

* The infinite set of real numeraGe, = {ry, o, ... }, such tha&(r)=real number r.

* The infite set of integer numeraieger = {N1, Ny, ...}, such thaF(n)=integer number n.

» The selCyot = {dy, Oy, ... ,d} such that~(d;)=d.

» The seCine ={ly, Iz, ... .k} such that=(l;)=l;.

* The selCyine = {verAxis, horAxis, axis45the axes of orthogonal drawings..

* The setCpan = {empty, k k, ..., k} such thatF(empty=empty,F(k;)=ki.

* The seCpoiygon= {P1, P2, ..., B} such that~(p;)=p.

* SetsCuotzd Ciinessr Cpathaa Cpolygonza are defined in a similar way &5, etc.

* The setChool bool, boo= {J, [, O } of symbols whose denotations are the logical operaaons orand
implication, respectively.

* The setCqoal, boot = {—}, Where the denotation of symbelis the logical operationot

* The setCreairea = {rad} where the denotation of symbiad is the function whose value is the equivalence
in radians of a given angle in degrees.

* The seCreq real, dot = {dOt}, where symbobot denotes a function whose arguments are two real numbers
(interpreted as coordinate valueandy), and its value is the represented dot.

* The setCyot ot ine = {lin€}, where symboline denotes a function whose arguments are two dots and its
value is the line segment defined between them.

* The setCyot real, iine = {iline}, where symbolline denotes a function whose argumens are a dot and an
angle -in radians- and its value is the infinite line passing through the dot and whose slope is equal to the
tangent of the angle.



* The seCiine path, pain = {Path}, where symbopathdenotes a function whose arguments are a line and other
path, and its value is the path resulting of concatenating the line and the path.

* The setCpam, polygon = {POlygor}, where symbopolygondenotes a function whose argument is a path and
its value is a polygon if the path is closed.

* The seCine ool = {hor, ver, in¢, where symbohor denotes a function whose argument is a line and its
boolean value indicates whether the line is horizontal. Similarly for symbotndhor for vertical and
inclined lines, respectively.

* The setCpoiygonpath = {Path_of_polygoh where symbopath_of_polygomlenotes a function whose value
is the polygon interpreted as a path.

* The setCeq real real.dotad = {d0t3d constructs a 3D dot.

* The setCyotzd dotad, ineza = {line3d} constructs a 3D line.

* The seCiinead pathad, pathad= {Path3¢ constructs a 3D path.

* The setCpatnad, polygonaa = {POlygon3d construct a 3D polygon.

* The seCyiew view dotiine = {Proj}, where symboproj denotes a function whose arguments are two views and
a dot, and its value is the infinite line passing through the point that relates both views.

» The seCiine iine, dot = {iNntersection where symbointersectiondenotes the following function:
intersection(¥ne,Yine) is the intersection dot ofix and ¥, if the dot belongs t8y., and errafy,
otherwise.

* The seCiineiline, dot = {iNntersection defined similarly asntersectiond Cijine line,dot-

» The seCyot dot, real = {distancé where symbolistancedenotes a function whose arguments are two dots
and its value is the distance between them.

* The setCpam, ine= {head where symboheaddenotes a function whose argument is a path and its value is
the initial line in the definition of the path.

* The setCpan, par = {tail} where symbotail denotes a function whose argument is a path and its value is
the path resulting from eliminating the first line of the argument path.

* The setCqot polygon, oo {d0t_of_polygohwhere symboldot_of_polygordenotes a function whose
arguments are a dot and a polygon and its boolean value indicates whether the dot is on the boundary of
the polygon.

* The seCiine polygon, boot = {line_of_polygohwhere symboline_of_polygordenotes a function whose
boolean value indicates whether the line belongs to the boundary of the polygon.

For practical purposes we define the control structure rule if-then-else as follows:

Additional syntactic rule:
7. If d0Epeo , aJEs andBOEs for somesdT, then if(d, a, B) DEs.

Additional semantic rule:

7. If d0Epee , aEs andBOEs for somesdT, then
[, o, B = [fo™ if (3" =T
[, o, B =[N if [[&" =F.

With this last definition we concludethe specificationof our representationdhnguageln the next section
we show how expressionsdenoting graphical entities, relations and graphical conceptsof descriptive
geometry are formed and evaluated. In section 5 #wga@ssionareusedby the syntheticproceduravhich
produces the solid model out of the orthogonal views.



4. Linguistic Representation of Graphical Concepts for the Interpretation
of Orthogonal Views

In this section the graphical conceptsthat are required for the constructionof the solid model of a
polyhedron are presented.

A particular orthogonaldrawing is representedy a set By, Of expressiongdenotingdots, a set Bjj,e of
expressionglenotinglines, a set Byaiygon Of €Xpressionsienotingpolygonsand a set Byine Of expressions
representing the vertical, horizontal and 45° axes.

Let TOP be the set of graphical entities in the top view.

Let FRONTDbe the set of graphical entities in the front view.

Let RIGHT be the set of graphical entities in the right-side view.
Let VERDbe the set of vertical lines.

Let HOR be the set of horizontal lines.

Let INC be the set of inclined lines.

4.1 Orthogonal Projections of a 3D Dot

As canbeseenin Figure4, a 3D dot alwaysprojectsasa dotin anyview. If thethreeorthogonalviewsare
given, as in Figure 5, the 3d@bttheydescribes definedin Expressior?2 which denotesa functionfrom Aget
X Adot X Adot INtO Agerz¢ Graphical intities involved are shown in Figure 5.

d1 '~ iline(origenTop,rad(90))

Topvin J

dx——— "
> origenTop

iline(prigenTop,0)

7 d2 iline(d1,rad(90)) /i\ine(dz,o)
~ ™~ Rightside view A——— - - - — |-
SoaxS
~

p-—d3

dz

/ ~—iline(origenFront,0)
origenFront

Figure 4 Orthogonal Projections of a Dot. )
Figure 5 INTERPRETATIONOF ORTHOGONAL PROJECTIONSOF A

poT. Distancesdx, dy, dz are the coordinatevaluesx,y,z,
respectively, of the 3@ot. Dots origenTopandorigenFront
represent the origin of the tridimensional coordinate syste

Expression sordot dot dot, dot3d
F dotad (verte)9 =
[[)\Xdot, ydot, Zyot
dot3ddistancéorigenTop intersectiofiline(Xqo, rad(90)), iline(origenTop 0))),
distancéorigenTop intersectiofiline(xqor, 0), iline(origenTop rad(90)))),
distancgorigenFront intersectioffiline(yqo, 0), iline(origenFront rad(90)))))

)ig

Expression 2 3D DOT FROM THREE ORTHOGONAL PROJECTIONZ ot ITOP, Yaot JFRONT, Zyot ORIGHT are assumed.
The three dots are assumed projections of a 3D dot.




4.2 Orthogonal Projectionsof an Edge

An edgecanbe classifiedas normal edge,inclined edgeor oblique edgedependingon the relationsit has
with the planes of projection.

A normal edgeis a line thatis perpendiculato a planeof projection.It appearsasa pointin the planeof
projection to which it is perpendicular and as a line in true leogtdjaceniplanesof projection.In Figure
6 the three possible configurations of projection of a normal edge are illustrated.

An inclined edgeis a line thatis parallelto a planeof projectionbut inclinedto adjacenfplanes.It appears
asaline in truelengthonthe planeto whichit is parallelandforeshortene@n adjacenplanes.n Figure7
the three possible configurations of the projections of an inclined edge are illustrated.

An oblique edges a line that is oblique to all planes of projection. Since it is not perpendicular to any plane,
it cannot appear as a datanyview. It alwaysappearsasaninclinedline in all views.In Figure8 this case
is shown.

12 I3
‘ [\
/\
11 — ~
a) Orthogonal projections of normal edge
11 perpendicular to top plane

*——— ——e
b) Orthogonal projections of normal edge c) Orthogonal projections of normal edge

12 perpendicular to front plane I3 perpendicular to right plane

Figure 6 Orthogonal projections of a normal edge.
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Orthogonal projections of inclined
edge |1 parallel to top plane

N
%

b) Orthogonal projections of inclined c¢) Orthogonal projections of inclined
edge 2 parallel to front plane edge I3 parallel to right plane

Figure 7 Orthogonal projections of an inclined edge.

\
>44
/

Orthogonal projections of oblique
edge |

Figure 8 Orthogonal projections of an oblique edge.
As anexampleof the kind of expressionsve modelthroughthe languagd. thatinvolve the conceptsabove,

considerFigure9. Thetermdefinedin Expressior3 denotesa functionfrom Ajne X Ajine X Aline INtO Ajinesd
that computes the 3D oblique line from its projections. In Figure 9 some subexpressions involved are shown.
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; proj(front,right,right(ly))
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p proj(front,right,left(ly))

Figure 9 Interpretationof the orthogonalprojectionsof an
oblique edge.

Expression sortine line line, line3q
Fiinesa (ObliqueLing =
[[ AXiine» Yiines Zine line3d(vertexleft(xine), left(yiine), intersectioriproj(front, right, left(Yiine)), Zine)),
vertexright(Xine), right(Yine), intersectiorfproj(front, right, right(Yiine)), Zine)))

"

Expression 3 3D OBLIQUE LINE FROM ITS ORTHOGONAL PROJECTIONine 1 TOP n INC, Viine 0 FRONTN INC,
Zine O RIGHT n INC, are assumed. The three lines are assumed projections of a 3D line.

Similar expressions are defined for each of the three cases of normal and inclined edges.

4.3 Orthogonal Projectionsof a Plane Polygonal Surface

A surfacecanbe classifiedasnormal surface jnclined surfaceor oblique surfacedependingon the relations
it has with the planes of projection.

A normal polygonal surface is a plane polygonal surface that is parallel to a plane of projectppearas
a polygonin true sizeandshapeon the planeto whichit is parallel,andasa vertical or horizontalline on
adjacentplanes.In Figure 10 the three possibleconfigurationsof the projectionsof a normal polygonal
surface are illustrated.

An inclined polygonalsurfaceis a planepolygonalsurfacethatis perpendiculato one planeof projection
butinclined to adjacentplanes.An inclined surfaceappearsasan inclined line on the planeto which it is
perpendicular,and as a polygon on the others.In Figure 11 the three possible configurationsof the
projections of an inclined polygonal surface are illustrated.

An oblique polygonalsurfaceis a planesurfacethat is obliqueto all planesof projection.Sinceit is not
perpendiculato any plane,it cannotappearasa line in any view. It alwaysappearsas a polygonin any
view. In Figure 12 this case is illustrated.



a) Orthogonal projections of normal
surface p1 parallel to top plane

1

b) Orthogonal projections of normal c)Orthogonal projections of normal
surface p2 parallel to front plane surface p3 parallel to right plane

< g

Figure 10 Orthogonal projections of a normal polygonal surface.
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a) Orthogonal projections of inclined
surface p1 perpendicular to top

< >

)

plane
b) Orthogonal projections of inclined c¢) Orthogonal projections of inclined
surface p2 perpendicular to front surface p3 perpendicular to right
plane plane

Figure 11 Orthogonal projections of an inclined polygonal surface.
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Orthogonal projections of oblique
surface p

Figure 12 Orthogonal projections of an oblique polygonal surface.

For eachof the 7 casespresentedabove(3 for normal surfaces3 for inclined surfacesand 1 for oblique
surfaces)our expressionsare defined. Thesefour expressionare usedin the processof constructingthe

solid model.In generalthe first expressiordenotesa function whoseargumentsare two objects(lines or
polygons)of differentviews andits booleanvalueindicateswhetherthe two objectscan be projectionsof a

surface. The second expression denotes a function whose arguments are three objects (lines or polygons), one
of eachview, and its booleanvalue indicateswhetherthey are projectionsof a surface.This expression

assumes that twof the argumentsactuallycanbe projectionsof a surface(i.e. they havebeenalreadytested

by the first expression)The third andfourth expressionslenotegogethera function whoseargumentsare

three objects (lines or polygons), one of eachview, and its value is the surface (3D polygon) whose
projections are the arguments of the function.

As an exampleof the four expressionsconsiderthe caseof a normal surfaceparallel to the top plane
illustratedin Figure 10a.In Figure 13 the conditionsthat objectsin differentsviews must satisfy for being
consideredsprojectionsof a normalsurfacewithin a drawing contextareillustrated.The booleanfunction
definedin Expressiord hasasits argumentsa polygonin the top view anda line in the front view, andits
value indicatesif both objectscan be projectionsof a normal surfaceparallel to the top plane,within a
drawing context. What thesetermsevaluatesan be summarizedn the following phrase:Eachdot of the
polygonhasa corresponding-explicit- dot on the line. In otherwords, eachvertexof the surfacemustbe
projected as a dot on the line that is its front projection.



(c)

Figure 13 ORTHOGONAL PROJECTION®F A NORMAL SURFACEPARALLEL TO THE TOPVIEW WITHIN
A CONTEXT. (a) SurfaceS. (b) The line definedfrom dot 6 to 3 in the front view canbe a
projectionof surfaceS becauseall vertexof S are projectedonit. (c) Theline definedfrom
dot 6 to 3 in the front view cannot be a projection of surfbecausets vertex1, 2,5, 6 are
not projected on it.

Expression sorpolygon line, boal

Fuool (POITop_lineFront _projectionsOf_normalSurfParallelToTopPlane

[[)\Xpolygon Xiine DWdot(dOt_Of_pOIng(Wdoty Xpolygon) -
intersectiorfproj(top, front, Wyoy), Yiine) Z €rrorgo; 1™

Expression 4 A POLYGON AND A LINE ARE PROJECTIONS OF A NORMAL SURFACE PARALLEL TO THE TOP PLANE
Xpolygon I TOP, Yiine JFRONTN HOR are assumed.

Oncea polygonin thetop view anda line in the front view are evaluatedor beingprojections,andgivena
second line in the right-side view, the boolean function defined in Expressidicateswhetherthe second
line, together with the polygon and tfiest line, areprojectionsof a normalsurface This termassumeshat
thefirst two argumentsare projectionsandevaluatesvhetherthe two lines are colinear and eachdot of the
polygon has a corresponding -explicit- dot on the line in the right-side view.

Expression sorjpolygon line line,boal

Fuool (POITOp_lineFront _lineRight_projectionsOf_normalSurfParallelToTopPlane
[[)\Xpolygon Viines Zine

COIinea(ylinEy Zline) O

DWWyt (dot_of_polygoWyer, Xpolygon — iNtersectiortproj(top, right, Weoy), Zine) # €IM0rgor) ™

Expression 5 A POLYGON AND TWO LINES ARE PROJECTIONSOF A NORMAL SURFACE PARALLEL TO THE TOP VIEW. Xpolygon
OTOP, Viine OFRONTN HOR, zine ORIGHT n HOR are assumedyoygondndyine are assumed projections of a surface.



Thetermdefinedin Expressiorb denotesa function whoseargumentsarea polygonandtwo lines, andits
valueis the surface(3D polygon) whoseprojectionsare the argumentsThis expressiorassumeghat the
three objects are projections of a surface. Expression 6 is basically formed by Expression 7.

o

Expression sorpolygon line line, polygon3

F polygonad (NormalSurfaceParallelToTopPlahe
[[A Xpolygon Yines Zine POlygon3dnormalPathParallelToTopPlarfpath_of_polygoseygon: Yiine: Zine)) 11"

Expression 6 NORMAL SURFACE PARALLEL TO THE TOP VIEW FROM ITS ORTHOGONAL PROJECTIONSolygon JTOP, Viine
OFRONTN HOR, zine DRIGHT n HORare assumedgolygon, Yine and zine are assumed projections of a surface.

Thetermdefinedin Expressiorn7 denotesa function whoseargumentsare a path (actually,a polygonseen
as a path) and two lines, and its vailsithe 3D paththeyrepresentThis termrecursivelyevaluateshe path
line by line. To illustrate this evaluation process consider the simplest example of the projectioamudla
surfaceshownin Figure 14. As can be seen,if the line in question-of the path-is vertical then the
projectionsin front andright-sideviews mustbe a dot anda horizontalline, respectivelywhich correspond
to the projections of a normal edgerpendiculato the front plane(Figure6b). If theline is horizontalthen
the projectionsin front and right-side views must be a horizontal line and a dot, respectively,which
correspond to the projections of a normal edge perpendicular to the right-sidéRdmme6c). If theline is
inclined then the correspondingorojectionsin front and right-side views are two horizontallines, which
correspond to the projections of an inclined edge parallel to the top plane (Figure 7a).

ly Iz

Figure 14 Projections of a normal suface

Expression sorpath line line, patht3d
Fpatnaa (NormalPathParallelToTopPlane=
[[ )\Xpathy ylinEy Ziine
if (Xpath= empty
empty
path3dfirst3DLine(headXyat), Yine :Zine), NOrmalPathParallel ToTopPlangail (Xpat), Yiine: Zine))) 11"

Expression 7 NORMAL SURFACE(AS A PATH) PARALLEL TO TOP PLANE FROM ITS ORTHOGONAL PROJECITONZpath JTOP,
Yiine OFRONTN HOR, zine ORIGHT n HORare assumed,arm, Yine aNdzine are assumed projections of a surface.

The symbolfirst3Dline denotesthe function definedin Expression8 (for clarity, we do not include the
funciondefinedin ExpressiorB into Expressior7). This function hasasits argumentghe line in question
of the evaluating path in the top view, and the two lines irirtre andright-sideviews, andits valueis the
3D line whoseprojectionsarethe line in the top view -first argument-andtwo objects(a dot anda line or
two lines) obtainedfrom thelinesin the secondandthird argumentsThis functionis basedon the analysis



above  with Figure 14, Operator symbols  NormalEdgePerpendicularToFrontPlane,

NormalEdgePerpendicularToRightPlane and InclinedEdgeParallelToTopPlane denote functions of

SOI‘tSAline X Adot X Aline—’AlineSd ’ Aline X Aline X Adot —’Alinesd and Aline X Aline X Aline—’AlineSd ’ reSpeCthely,
whosevaluesare edgesof the sortsdescribedn the namesof the functions.Thesefunctionsaredefinedin a
similar way as the function in Expression 3.

Expression sorline line line, line3d
Flinezd (first3DLine)=
[[ )\Xliney yliney Zine
if(ver(Xine),
NormalEdgePerpendicularToFrontPlape

Xiines

intersectiorfproj(top, front, up(Xine)), Viine)

line(intersectiorfproj(top, right, up(Xine)), Zine),

intersectiorfproj(top, right, down(Xine)), Zine))),
if(hor(Xiine),
NormalEdgePerpendicularToRightPlgne
Xiines
line(intersectiorfproj(top, front, left(Xiine)), Yine)s
intersectiorfproj(top, front, right(Xine)), Yiine)),
intersectiortproj(sup right, right(Xine)), Zine)),
InclinedEdgeParallelToTopPlalje
Xiines
line(intersectiorfproj(top, front, left(Xine)), Yine)s
intersectiorfproj(top, front, right(Xine)), Yiine))),
line(intersectiorfproj(top, right, up(Xine)),Zine) s
intersectioriproj(top, right, dowr(Xiine)), Zine))))) 11"

Expression 8 Xine OTOP, Viine DFRONTN HOR, zjine ORIGHT n HORare assumed.

Similar expressions for six remaining cases of surfaces are defined in a similar way.

5. Generation of the Solid M ode€l

In this sectionthe processof building up the model of a polyhedronis illustrated with the help of an
example.Considerthe synthesisof the polyhedronin Figure 15b which is describedby the viewsin Figure
15a.
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Figure 15 Views of a polyhedron.

For the construction process it is neccesary to distinguish betuglele andhiddenpolygons. A polygonin

aview is consideredo bevisible if it doesnot containany otherpolygoninsideit; for instancethe polygon
definedby dotsd1, d2, d4, d6, d5 in Figure 15ais visible. Otherwise,a polygonis considerechidden.The
polygondefinedby dotsd1, d3, d7, d5 in Figure 15a (the bottom of the polyhedron)is an instanceof the
latter case. A hidden polygon is interpreted as a projection abstnuctedsurface A visible polygoncanbe
interpretedas a projectionof a non-obstructedsurface,as a projectionof an obstructedsurfacewhenever
projections of the obstructed and obstrucsngacesarethe samepolygon,or asa projectionof surfacethat
is partially obstructed. This last case is illustrated in Figure 16.

2

Figure 16 Partially obstructed surface.

The validity conditionsof the kind of polyhedrathatis consideredn this paperwere shownin Section2
(illustrated in Figure 3), and are the following:
i) Each edge of a polyhedron must be shared exactly by two surfaces.
it) Two adjacent surfaces of a polyhedron must not lie on the same plane.
iii) A surface of a polyhedron must be exactly one polygon.

For the construction of a polyhedron the following constraints are considered:
I) Each edge of a polyhedron must be shared exactly by two surfaces (capdition
II) Two adjacent surfaces of a polyhedron must not lie on the same plane (candition
[lI) Two surfaces of a polyhedron must not intersect.
IV) Two surfaces of a polyhedron must not overlap.
V) A suface whose projection on a view is a visible polygon is nearer to the plane of projection the
other surface whose projection on that view is a hidden polygon.
VI) A surface of a polyhedron must be exactly one polygon (condiitjon
VII) A surface is always either normal, inclined or oblique in relation to the planes of projection.

ConditionlV can be considered as a particular situatioconditionll becauséwo overlappingsurfacesan
be seenasseveraladjacentsurfacedying on the sameplane; This conditionis explicitly includedbecause
the occurenceof two overlappingsurfacesis possibleduring the constructionprocess.Condition Il is



included because two intersecting surfaces viaatelitionl or VI. Conditionsl to V areverified duringthe
constructiorprocesswhile conditionsVIl and VIl areimplicitly consideredn the procedureaswill be seen
below.

In generalthe constructiorprocesonsistan obtaininga surfacefrom the viewsandaddingit to the setof

surfaces of th8-D modelwhich is formedincrementally Wheneveia surfaceis addedto the set,conditions
| to V have to be satisfied. The processisistof four parts:First, for eachvisible polygonin thetop view a

surfaceis obtainedaccordingto condition VIl (andconsideringconditionVI implicitly), suchthatthe setof

all surfacesobtainedin this way satisfiesconditions| to IV. The secondand third partsare similar for

polygonsin the front andright views, respectivelyIn the fourth part of the syntheticprocesshe surfaces
resultingfrom hiddenpolygonsin the views or from visible polygonsinterpretedas obstructedsurfacesare

added,one at a time, verifying the validity conditionsfrom | to V. When all edgesof the constructed
polyhedronsatisfy condition| it must be verified that the orthogonalprojectionsin the given threeviews

correspondo the projectionsof the resultingpolyhedron.This last verification assureghat the methodis

sound.

As a notationalconventionwe definethe setof maximallines of a viewto be the largestsetincluding all
line segmentsvhich canbe extractedfrom the view suchthat no two linesin the setsatisfy the following
two conditions:(1) they are adjacentand colinearand (2) they are colinearand overlapping.For instance,
the setof maximallinesin the top view in Figure 15ais {line(d1,d3),line(d3,d7),line (d7,d5),line(d5,d1),
line(d3,d6), line (d2,d4)}, but the lines line(d1,d2) and line(d2,d3) cannot be setfee condition(1), and
lines line(d1,d3)and line(d2,d3)for condition (2). Given an orthogonaldrawing the setsMLT, MLF and
MLR are the maximal lines sets for the top, front and right-side views, repectively.

Next, an overview of the constructionprocedureis presentedConsiderP to be the setof surfacesof the
polyhedronP is initially empty.

Partl of the processconsistsin obtainingthe surfacesesultingfrom visible polygonsin the top view (i.e.
projections of surfacethatarevisible from the top plane).Oncea polygonp is selecteda surfaces is sought
by consideringoneof the following four caseqthe fifth caseconsiderghatthe polygonis a projectionof a
partially obstructed surface from that vieas shown in Figure 16):

T1. sis a normal surface parallel to the top plane (illustrated in Figure 10a).

T2. sis an inclined surface perpendicular to the front plane (illustrated in Figure 11b).
T3. sis an inclined surface perpendicular to the right plane (illustrated in Figure 11c).
T4. sis an oblique surface (illustrated in Figure 12).

T5. sis not a visible surface from the top plasés(a partially obstructed surface).

Theseareall the casesvherea surfaceis projectedasa visible polygonin thetop view and are graphically
illustrated in Figure 17.

Normal Surface Paralld | Inclined Surface Inclined Surface Oblique Surface Not Visble Surface
to Top Plane Perpendicular to Front | Perpendicular to Right
Plane Plane

The surface is

P LT g, considered partially
| ‘ ‘ ‘ obstructed where the
N w ‘ polygon in the top view

corresponds to the
projection of a part of
the surface. (see Figurg
16).

g

N\

RULE la RULE 1.b RULE 1.c RULE 1d RULE l.e

Figure 17 Possible projections of a surface with a polygon in the top view. Labels at the bottom of drawings refer to the
rules (defined in Figure 18) required to obtain the corresponding graphical objects in the front and right views.



For caseT1 to hold two horizontallines mustappearasthe front andright projectionsof the surfaceascan
be seenin the first caseof Figure 17. Theselines mustbe identified in the correspondingriews. For this
purposea rule is definedfor eachof the four casegthe fifth casedoesnot correspondo a visible surface).
Rules 1a and 1b are shown in Figure 18 and the remaining rules are defined in a similar fashion.

RULE 1.a Normal Surface Parallel to Top Plane

Let p be a visible polygon in the top view.

Selectgs from HOR n MLF (a horizontal maximal line in frontal view) such that
[[polTop_lineFront_projectionsOf _NormalSurfParallelToTopPlgne)]]=T,

i.e.p and gr can be projections of a normal surface.

Selectyg, romHOR n MLR (a horizontal maximal line in the right view) such that
[[polTop_lineFront_lineRight_projectionsOf _NormalSurfParallelToTopPlpng, g:)]I=T,

i.e.p, o, Or can be projections of a normal surface.

RULE 1.b Inclined Surface Perpendicular to Front Plane

Let p be a visible polygon in the top view.

Selectgifrom INC n MLF (an inclined maximal line in frontal view) such that
[[polTop_lineFront_projectionsOf_InclinedSurfPerpToFrontPigney)]]=T,

i.e.p and gr can be projections of an inclined surface.

Selectg, from Cpolygon N RIGHT (a polygon in the right view) such that
[[polTop_lineFront_polRight_projectionsOf_InclinedSurfPerpToFrontPlpng, g.)]1=T,

i.e.p, o, Or can be projections of an inclined surface.

Figure18 Examples or rules to obtain projections in the front and right views
given a polygon in the top view.

As can be seen in RULE laharizontalmaximalline g in the front view is chosernsuchthatthe polygonp
in the top view and g; are projectionsof a normal surfaceparallelto top plane. This is verified with the
expressionkE1) whose functional definition is shown in Expression 4:

(ED polTop_lineFront_projectionsOf_normalSurfParallelToTopP(png)

If no line in the seMLF n HORsatisfy E1) case T1 as a whole does not hold, and another case is selected.

Once a liney in the front view is selectedrerizontalmaximalline g; in theright-sideview is selectedn a
similar way. Thenit is verified that the threegraphicalobjectscan be projectionsof the surfaceevaluating
the expressiorH?) (for the definition of the functional operator see Expression 5):

(E2 polTop_lineFront_lineRight_projectionsOf_normalSurfParallelToTopPlpng, o).

If expression&l andE2 hold for the graphicalobjectsp, g and g, thenthe surfaces is obtained.This is
done evaluatingthe expressioncorrespondingo the caseof a normal surfaceparallel to top plane: (see
definition in Expression 6):

(E3) normalSurfaceParallelToTopPla(®g:,gr).

Similar expressions are employed for the definition of rules 1b to 1d.

For everysurfaces obtainedby this proceduref the setP [I{ s} satisfyconstraint§rom| to IV sis included
in P. In casea surfaces cannotbe includedin P throughcaseT1, casesl2 to T4 aretried out. If hone of
thesecasedold the currentpolygonis a projectionof a partially obstructedsurface(caseT5 is assumedind
no surface is obtained from polygpn



At this stageof the computationall surfaceghat canbe extractedfrom visible polygonsin the top view are
includedin P. Partsll andlll of the processobtain surfacesvisible from the front and right views which
were not obtained before in a similar fashion.

The cases for visible polygons in the front view are (Part 11):

F1. sis a normal surface parallel to the front plane (illustrated in Figure 10b).

F2. sis an inclined surface perpendicular to the top plane (illustrated in Figure 11a).
F3. sis an inclined surface perpendicular to the right plane (illustrated in Figure 11c).
F4. sis an oblique surface (illustrated in Figure 12).

F5. sis not a visible surface from the front plasés(a partially visible surface).

And the cases for visible polygons in the right view are (Part 111):

R1. sis a normal surface parallel to the right plane (illustrated in Figure 10c).

R2. sis an inclined surface perpendicular to the top plane (illustrated in Figure 11a).
R3. sis an inclined surface perpendicular to the front plane (illustrated in Figure 11b).
R4. sis an oblique surface (illustrated in Figure 12).

R5. sis not a visible surface from the right plasés(a partially visible surface).

Part IV of the synthetic procedureconsistsin identifying the surfacesthat are hidden from the three
orthogonal views. This procedureconsistsin finding out the surfacesrequired to close the current
polyhedron.For this purposeall edgesof the polyhedron(formed with the surfacesin setP) that belong
exactly to one surface are identified as therséts eachedgemustbelongexactlyto two surfacesaccording
to condition |, it is requiredto find an additional surfacefor eachedgein R. For eachedgeits three
orthogonalprojectionsare computedand the result of this computationis matchedagainstthe views. For
this process it is important to highlight that all hidden polygons of athiteeviewsthathavethe reference
edgeasoneof its sidesmustbe consideredThe projectionsof the edgemustbe includedin the projections
of the surface sought (i.e. the edge must bound the surface).

For instance considerthe caseof a normaledgeperpendiculato top plane(l, in Figure 6a). This kind of
edge can only bound surfaces of the three following kinds:

- normal surface parallel to front plane (Figure 10b)
- normal surface parallel to right plane (Figure 10c)
- inclined surface perpéicular to top plane (Figure 11a)

Thesecasesareillustratedin thefirst row of Figure 19 wherethe projectionsof the edgeare enclosedwith

dashedines. If the projectionsof an edgeareof kind L1 in Figure19 thenoneof the casesS1to S3 must
hold. The casethat matcheddentifiesthe projectionsof a surfaceandasa consequencthe surfaceitself. If

the resulting surfacesatisfiesconditions! to V (conditionV is satisfiedif no visible surface—obtainedin

Partsl, Il andlll of the process is obstructedby the surfaceobtained)it canbe includedin P. We repeat
this procedureuntil all edgesin R aresharedby two surfaceslf all edgesin R aretried out but not all of

them are shared by exactly two surfaces another solution must be $btig#reis no solutionwhich satisfy
the conditions the three given views do not correspond to a valid polyhedron.



KIND OF SURFACE

KIND OF EDGE S1 2 s3
L1 Normal Surface Parallel to Normal Surface Parallel to Inclined Surface Perp. to Top

Normal Edge Perp. Front Plane Right Plane Plane

to Top Plane :

&

L2 Normal Surface Parallel to Top | Normal Surface Paralle to| Inclined Surface Perp. to Front
Normal Edge Perp. Plane Right Plane Plane

to Front Plane =
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L3 Normal Surface Parallel to Top | Normal Surface Parallel to Inclined Surface Perp. to Right
Normal Edge Perp. Plane Front Plane Plane
to Right Plane

— \V4

Figure19 Cases whereormaledge can bound a surface.

The syntheticprocesof the 3D modelis exemplifiedwith the generatiorof the polyhedronin Figure 15b.
The constructionprocedurefor the visible polygons(Parts| to Ill) is shownin the tree searchspacein
Figure 20. Whenthis processs completedthe processmentionedaboveto include the hiddensurfacess
carriedout. As canbe seen,the processs quite simple and the procedurecan handlethe constructionof
solid modelsof the kind definedabovein Sectionl and?2. Furtherdetailsof the specificconstructionrules
are given in [Garza95].

Finally, it canbe mentionedthat asthe constructionrules take into accountall possiblecasesin which a
surfacecan be generatedand that conditions| to VII rule out all configurationsof surfacesthat do not
conform toa valid polyhedronwe canbe confidentthatthe methodis sound.For the samereasonf a setof
projectionsdeterminea valid polyhedronthis will beincludedin the searchspaceand subsequentlyve can
be confidentthat the procedureis complete.The searchspace,however, might be very large. A gross
measureof it in termsof the numberof surfacescan be approachedf it is consideredhat the maximum



depth of thespaces the sameasthe numberof surfacesandthe branchingfactorat the main decisionlevel
(i.e. whether aurfaceds includedor not) is four becauseivena polygonin oneof the viewsthereareonly
four possiblekinds of surfacef which the polygonis a projection.However,given the constraintamposed
by conditiond to VII this exponential figure can be significantly reduced.

Empty set Tl LT

First surface from
top view

Second surface from
top view

Two possible surfaces from K \
a polygon in top view

Third surface from
top view: first
hypothesis

Third surface from
top view: second
hypothesis

First surface from
front view

First surface from
front view

Second surface from
front view

Second surface from
front view

Violation of constraint:
Two adjacent surfaces on
the same plane

First surface from
right-side view

Three remaining hidden surfaces
to complete polyhedron

Figure 20 Construction process of the polyhedron shown in Figure 15.



6. Conclusions

In this papera procedureor constructing3D modelsof polyhedrafrom their orthogonalviews has
beenpresentedWhile previousapproacheso the problemare basedon quantitativealgorithms,the
gualitative methodpresentechere resembledntuitive reasoningprocessesisedin humandrafting
practices.The constructionprocedurewas designedto model a graphicalreasoningprocesswith
naturalconstraintsTo supportthe taska representationdanguageexpressiveenoughfor modeling
drafting conceptsand proceduresof descriptivegeometryhas beenpresentedThe languageis a
multi-sortedfirst-order logical languagewith equality augmentedwith functional abstractionand
extendsthe graphicalan logical representationadhnguagesievelopedwith the GRAFLOG system
[Pineda89,91,92]t hasbeenshownhow graphicalentitiesand relationsconstitutingthe orthogonal
views can be represented through expressions of the lan@uaugjarly, the expressionsepresenting
graphicalconceptgequiredfor the interpretationsf the viewsin the constructionof the solid model
have been presented. Finally a construction procedutieeproductionof the solid which resembles
intuitive processeemployedin humandrafting practiceshasbeenillustrated. The logical language
andits interpretatiorprocesshasbeenfully implementedAll drafting conceptdor the interpretation
of 3D dots, lines andpolygonsout of the 2D entitiesin the orthogonalviews havealso beentested.
The final constructionprocedureoutlinedin Section5 is currently beingimplementedThe present
researchs a caseof studyfor the moregeneralproblemof reasoningwith graphicalrepresentations.
Our resultssupportthe hypothesighat graphicalconceptscanbe representeih an abstractfashion
throughthe lambdacalculusallowing us to contemplatethe integrationof graphicaland linguistic
concepts in a common representational formalism.
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